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Abstract 

Using the tunneling effect method near the black hole horizon and the WKB approximation for both fermionic 

and bosonic particles, some aspects are shown and discussed in a de Sitter-Schwarchild space-time type. 

Keywords:   quantum tunneling, cosmology. 

 

 

En utilisant la méthode de l’effet tunnel au voisinage de l’horizon d’un trou noir et l’approximation WKB pour 

des particules fermioniques et bosoniques, Quelques aspects ont été montres et discutes dans un espace-temps du 

type de Sitter-Schwarchild. 

Mots clés : effet tunnel quantique, cosmologie 

 

   ملخص

 

بالنسبة لجسيمات فرميونية و بوزونية . بعض المظاهر الفيزيائية قد   WKBباستعمال طريقة مفعول النفق بالقرب من أفق ثقب أسود و تقريب 

 شوارزلد. -من نوع دو سيتروضحت و نوقشت في فضاء زمكاني 

 

 مفعول النفق الكوانتي ، الكسمولوجيا. : المفتاحيةالكلمات 
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I. INTRODUCTION 

 

 

In this paper we study the tunneling behavior of spin -1/2 

fermions across the event horizon of the Schwarzschild-de 

Sitter black hole where effects of quantum gravity are taken 

into account , and using the Hamilton-Jacobi method [1,2]. 

However, for the case of the bosons we try to find an exact 

formula for 𝜕𝑟𝐼(r)  for an arbitrary non-Abelian Yang-Mills 

theory [3,4]. 

II. HAWKING RADIATION OF SCHWARCHILD-DE 
SITTER BLACK HOLE 

 
The metric of any spherically symmetric solution in a 

Schwarzschild form is: 

 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃 𝑑𝜑2 

 

The vacuum Einstein equations give a linear equation for 

ƒ(r), which has as solutions: 

 

𝑓(𝑟) = 1 − 2𝑎/𝑟 
and 

 

𝑓(𝑟) = 1 − 𝑏𝑟2           

 

The first is a zero stress energy solution describing a black 

hole in empty space time, the second (with b positive) 

describes de Sitter space with a stress-energy of a positive 

cosmological constant of magnitude 3b. Superposing the two 

solutions gives the de Sitter– Schwarzschild solution: 

 

𝑓(𝑟) = 1 − 2𝑎/𝑟 − 𝑏𝑟2 
 

We remind that the two parameters a and b give the black 

hole mass and the cosmological constant respectively. 

III. FERMIONS 

 

The fermion’s motion is determined by the generalized 

Dirac equation ref.[1]   

          

[

𝑖𝛾0𝜕0 + 𝑖𝛾
𝑖𝜕𝑖(1 − 𝛽𝑚

2) + 𝑖𝛾𝑖𝛽ℏ2(𝜕𝑗𝜕
𝑗)𝜕𝑖

+
𝑚

ℏ
(1 + 𝛽ℏ2𝜕𝑗𝜕

𝑗 − 𝛽𝑚2)

+𝑖𝛾𝜇Ω𝜇(1 + 𝛽ℏ
2𝜕𝑗𝜕

𝑗 − 𝛽𝑚2)

]𝜓 =

0  (1) 

Where:  

Ω𝜇 ≡
𝑖

2
𝜔𝜇

𝑎𝑏𝛴𝑎𝑏 

𝛴𝑎𝑏 =
𝑖

4
[𝛾𝑎, 𝛾𝑏]   ,{𝛾𝑎, 𝛾𝑏} =

2𝜂𝑎𝑏  , 𝜔𝜇
𝑎
𝑏
= 𝑒𝜈

𝑎𝑒𝜆𝑏𝛤𝜇𝜆
𝜈 − 𝑒𝜆𝑏𝜕𝜇𝑒𝜆

𝑎 

 

We assume that the wave function of the spin up state has 

the form: 

 

    𝜓 = (

𝐴
0
𝐵
0

)𝑒𝑥𝑝 (
𝑖

ℏ
𝐼(𝑡, 𝑟, 𝜃, ∅))              (2) 

 and 

𝑒𝜇
𝑎 = 𝑑𝑖𝑎𝑔(√𝑓, 1 √𝑓⁄ , 𝑟, 𝑟 sin 𝜃), 

 

:𝛾𝑡 =
1

√𝑓(𝑟)
(
𝑖 0
0 −𝑖

),  

 

𝛾𝜃 = √𝑔𝜃𝜃 ( 0 𝜎1

𝜎1 0
), 

 

𝛾𝑟 = √𝑓(𝑟) ( 0 𝜎3

𝜎3 0
),   

        

      𝛾∅ = √𝑔∅∅ ( 0 𝜎2

𝜎2 0
)                           (3) 

 
With 

√𝑔𝜃𝜃 =
1

𝑟
, √𝑔∅∅ =

1

𝑟 sin𝜃
, 

 

 𝜎𝑖  are the Pauli matrices. Our purpose is to find the solutions 

of eqn (1). First substituting the wave function eqn (2) and the 

matrices eqn (3) into the generalized Dirac equation eqn (1). 

Since we are working With the WKB approximation we 

obtain 4 Hamilton-Jacobi equations: 

 

−𝑖𝐴
1

√𝑓
𝜕𝑡𝐼 − 𝐵(1 − 𝛽𝑚

2)√𝑓𝜕𝑟𝐼 

−𝐴𝑚𝛽[𝑔𝑟𝑟(𝜕𝑟𝐼)
2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)

2 + 𝑔∅∅(𝜕∅𝐼)
2] 

+𝐵𝛽√𝑓𝜕𝑟𝐼[𝑔
𝑟𝑟(𝜕𝑟𝐼)

2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)
2 + 𝑔∅∅(𝜕∅𝐼)

2] 

+𝐴𝑚(1 − 𝛽𝑚2) = 0                                           (4) 

 

𝑖𝐵
1

√𝑓
𝜕𝑡𝐼 − 𝐴(1 − 𝛽𝑚

2)√𝑓𝜕𝑟𝐼 

−𝐵𝑚𝛽[𝑔𝑟𝑟(𝜕𝑟𝐼)
2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)

2 + 𝑔∅∅(𝜕∅𝐼)
2] 

+𝐴𝛽√𝑓𝜕𝑟𝐼[𝑔
𝑟𝑟(𝜕𝑟𝐼)

2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)
2 + 𝑔∅∅(𝜕∅𝐼)

2] 

             +𝐵𝑚(1 − 𝛽𝑚2) = 0                                         (5) 

 

𝐴

{
 
 

 
 −(1 − 𝛽𝑚2)√𝑔𝜃𝜃𝜕𝜃𝐼

+𝛽√𝑔𝜃𝜃𝜕𝜃𝐼[𝑔
𝑟𝑟(𝜕𝑟𝐼)

2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)
2 + 𝑔∅∅(𝜕∅𝐼)

2]

−𝑖(1 − 𝛽𝑚2)√𝑔∅∅𝜕∅𝐼

+𝑖𝛽√𝑔∅∅𝜕∅𝐼[𝑔
𝑟𝑟(𝜕𝑟𝐼)

2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)
2 + 𝑔∅∅(𝜕∅𝐼)

2]}
 
 

 
 

=

0(6) 

 

http://en.wikipedia.org/wiki/Schwarzschild_metric
http://en.wikipedia.org/wiki/De_Sitter_space
http://en.wikipedia.org/wiki/Cosmological_constant
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𝐵

{
 
 
 
 

 
 
 
 −(1 − 𝛽𝑚2)√𝑔𝜃𝜃𝜕𝜃𝐼

+𝛽√𝑔𝜃𝜃𝜕𝜃𝐼[𝑔
𝑟𝑟(𝜕𝑟𝐼)

2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)
2 + 𝑔∅∅(𝜕∅𝐼)

2]

−𝑖(1 − 𝛽𝑚2)√𝑔∅∅𝜕∅𝐼

+𝑖𝛽√𝑔∅∅𝜕∅𝐼[𝑔
𝑟𝑟(𝜕𝑟𝐼)

2 + 𝑔𝜃𝜃(𝜕𝜃𝐼)
2 + 𝑔∅∅(𝜕∅𝐼)

2]
}
 
 
 
 

 
 
 
 

= 0   

                                                                                 (7) 

 

To find the relevant solution  we perform the separation of 

variables as follows: 

 

𝐼 = −𝜔𝑡 +𝑊(𝑟) + Ө(𝜃, ∅) 
 

 eqn (6)and eqn (7)They are identical after divided 

respectively by A and B 

 

(√𝑔𝜃𝜃𝜕𝜃Ө + 𝑖√𝑔∅∅𝜕∅Ө) 

 

[𝛽𝑔𝑟𝑟(𝜕𝑟𝑊)
2 + 𝛽𝑔𝜃𝜃(𝜕𝜃Ө)

2 + 𝛽𝑔∅∅(𝜕∅Ө)
2

− (1 − 𝛽𝑚2)] = 0 
 

 

(√𝑔𝜃𝜃𝜕𝜃Ө + 𝑖√𝑔∅∅𝜕∅Ө) = 0 

 

eqn (4)and eqn (5) They are identical after cancelling A and 

B and give 

 

𝐴6(𝜕𝑟𝑊)
6 + 𝐴4(𝜕𝑟𝑊)

4 + 𝐴2(𝜕𝑟𝑊)
2 + 𝐴0 = 0 

 

With   

𝐴6 = 𝛽
2𝑓4 

 

𝐴4 = 𝛽𝑓3(𝑚2𝛽 + 2𝛽𝑄 − 2) 
 

𝐴2 = 𝑓
2[(1 − 𝛽𝑚2)2 + 𝛽(2𝑚2 − 2𝑚4𝛽 − 2𝑄

+ 𝛽𝑄)] 
 

𝐴0 = −𝑚2(1 − 𝛽𝑚2 − 𝛽𝑄)2𝑓 − 𝜔2 

 

𝑄 = 𝑔𝜃𝜃(𝜕𝜃Ө)
2 + 𝑔∅∅(𝜕∅Ө)

2 = 0 

 

Neglecting the higher orders of 𝛽 and solving the above 

equations at the event horizon yields 

 

𝑊(𝑟) = ±∫( Γ. Λ) 𝑑𝑟 

where 

Γ =
1

𝑓
√𝑚2(1 − 2𝛽𝑚2)𝑓 + 𝜔2 

and 

Λ = (1 + 𝛽 ((𝑚2 +
𝜔2

𝑓
)) 

With :  

                          𝑓(𝑟) = 1 −
2𝑎

𝑟
− 𝑏𝑟2 

 

The tunneling rate[5] of the spin -1/2 fermion crossing the 

horizon is 

 

𝛤 =
𝑃(𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛)

𝑃(𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛)
=
exp(−2Im𝐼+)

exp(−2Im𝐼−)
 

=
exp (−2Im𝑊+ − 2ImӨ)

exp (−2Im𝑊− − 2ImӨ)
 

 

the Hawking temperature 

 

𝑇 =
ℏ

4
(𝐼𝑚𝑊(𝑟))−1 

IV. FERMIONS 
 

The equation of motion give by  

 

0 = ∇𝜗𝐹𝜇𝜗
𝑎  

= 𝑔𝜗𝛼[𝜕𝛼𝐹𝜇𝜗
𝑎 − 𝛤𝛼𝜇

𝜆 𝐹𝜆𝜗
𝑎 − 𝛤𝛼𝜗

𝜆 𝐹𝜇𝜆
𝑎 + 𝑔𝑓𝑎𝑏𝑐𝐴𝜗

𝑏𝐹𝛼𝜇
𝑐 ] 

 

Where we defined  

 

𝐹𝜇𝜗
𝑎 = 𝜕𝜇𝐴𝜗

𝑎 − 𝜕𝜗𝐴𝜇
𝑎 + 𝑔𝑓𝑎𝑏𝑐𝐴𝜇

𝑏𝐴𝜗
𝑐

 

 

We assume the vector field     

 

𝐴𝜇
𝑎 = 𝑎𝜇

𝑎𝑒
−𝑖
ℏ
𝐼
 

 

Before simplifying slightly, We obtained finally 

 

0 = 𝑔𝑡𝑡 [
1

ℏ2
𝑎𝑡
𝑎(𝜕𝑡𝐼)

2] 

 

+𝑔𝑟𝑟 [
1

ℏ2
𝑎𝑡
𝑎𝜕𝑟𝐼𝜕𝑟𝐼 + 𝛤𝑟𝑡

𝑡 𝜕𝑟𝑎𝑡
𝑎 − 𝛤𝑟𝑡

𝑡𝑔𝑓𝑎𝑏𝑐𝐴𝑡
𝑏𝐴𝑟

𝑐

− 𝑔
𝑖

ℏ
𝑓𝑎𝑏𝑐𝐴𝑟

𝑏𝑎𝑡
𝑐𝜕𝑟𝐼] 

 

Taking the semi classical limit we obtain  

 

(𝜕𝑡𝐼)
2 = 𝑓2(𝜕𝑟𝐼)

2 ⇒ 𝜕𝑡𝐼 = ±𝑓𝜕𝑟𝐼 
 

We perform the separation of variables as follows: 

 

𝐼(𝑟, 𝑡, 𝜃, 𝜑) = Ω𝑡 +𝑊(𝑟) + 𝐼′(𝜃, 𝜑) 
   

we obtain 

Ω = ±𝑓
𝜕𝑊(𝑟)

𝜕𝑟
 

 

𝑊(𝑟) = ±Ω∫
𝑑𝑟

𝑓
 

The tunneling rate is given by  
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𝛤 =
𝑃(𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛)

𝑃(𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛)
=
exp(−2Im𝐼+)

exp(−2Im𝐼−)
 

 

=
exp (−2Im𝑊+)

exp (−2Im𝑊−)
 

 

And therefore, the Hawking temperature  reads: 

 

𝑇 =
ℏ

4
(𝐼𝑚∫

𝑑𝑟
𝑓

𝑟

0

)

−1

 

 

It is worth to mention that we have used Matlab[6] to solve 

this problem , the equation    𝑟 − 2𝑎 − 𝑏𝑟3 = 0 gives 

3horizons 𝑟1, 𝑟2, 𝑟2 for each we calculate the temperature of 

Hawking near  𝑟1, 𝑟2, 𝑟2     . After we draw the corresponding 

curves  𝑇1,2,3 = 𝑓(𝑎, 𝑏) we get  

 

 
The temperature near 𝑟1 

 

 

 
 

 

 

 

 

 

 

 

 

CONCLUSION 

 

We have calculated the Hawking radiation temperature of 

spin 1/2 particles in the 4-dimensional Schwarzschild-de 

Sitter spacetime with Hamilton-Jacob method. As it is the 

case of the spin 1 particles.The tunneling rate and Hawking 

temperature were represented. 
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