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Résumé  

 

Dans ce travail on résout quelques problèmes aux limites avec des conditions aux limites non locales dans le cas 

bidimensionnel . En utilisant la méthode de décomposition, la solution analytique est calculée sous la forme d’une série 

entière, les différents termes de cette série sont facile à calculer. Les résultats obtenus sont tous exactes d’où l’avantage  de 

cette méthode par rapport aux méthodes classiques telles que les méthodes des différences finis, éléments finis, spectrale....  

  
 

UUMots clésUU: Monodimensionnelles, mouvement de l’atmosphère, transition de phase gaz liquide 

 

Abstract   

This paper is devoted to the decomposition method which is applied to solve problems with non local boundary 

conditions. The analytic solution of the problem is calculated in a series form with easily computable components. The 

comparison of   the methodology with some known techniques shows that the present approach is powerful, efficient and 

reliable. 

 

UUKeywords:  decomposition method, non local boundary conditions, partial differential equations, 

Analytic solution 

 

 

نقترح في هذا البحث حلا تقريبيا لبعض مسائل القيمة الحدية بشروط حدية غير موضعية و لذلك 

 أن حساب حدودها سهل و بسيط كما نستعمل طريقة التفكيك و ذلك بفرض حل على شكل سلسلة تامة حيث

أن الحلول التقريبية التي حصلنا عليها تنطبق على الحلول الحقيقية مما يؤكد أن هذه الطريقة أسهل و أيسر و 

 أقوى من الطرق التقليدية مثل طرق: الفروق المنتهية، العناصر المنتهية، الطيفية...... إلخ
 

UUطريقة التفكيك، الشروط الحدية غير الموضعية، المعادلات التفاضلية ذات المشتقات الجزئية، الحل التحليلي. : الكلمات المفتاحيــــة 
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I  -  INTRODUCTION 

 

Partial differential equations with non local boundary conditions 

and partial integro-differential equations arise in many fields of 

science and engineering such as chemical diffusion, heat 

conduction processes, population dynamics, thermo-elasticity, 

medical science, electrochemistry and control theory [6-21]. A 

detailed description of the occurrence of such equations is given 

in [9]. In this paper, we consider a two-dimensional diffusion 

equation with non local boundary conditions. This type of 

problem was solved by many searchers using traditional 

numerical methods. For example, M. Siddique [1]  proposed a 

fourth-order Padè-scheme. The purpose of this work is to study 

and use Adomian decomposition method  [2-5]  for this 

important problem. We show that this approach allows us to 

obtain an analytical solution. These results demonstrate that the 

decomposition method is more accurate, efficient and reliable in 

comparison with the conventional methods, like finite difference 

method etc… 

 

We consider the two-dimensional diffusion equation given by 
𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 , 0 < 𝑥, 𝑦 < 1, 𝑡 > 0                              

                                                       (1) 

 

Initial conditions are assumed to be of the form 

 

𝑢(𝑥, 𝑦, 0) = 𝑓(𝑥, 𝑦), ( 𝑥, 𝑦) ∈ Ω ∪ 𝜕Ω  

And the Dirichelet time-dependent boundary conditions are: 

𝑢(0, 𝑦, 𝑡) = 𝜓0(𝑦, 𝑡), 0 ≤ 𝑡 ≤ 𝑇, 0 ≤ 𝑦 ≤ 1   
𝑢(1, 𝑦, 𝑡) = 𝜓1(𝑦, 𝑡), 0 ≤ 𝑡 ≤ 𝑇, 0 ≤ 𝑦 ≤ 1        

                                                         (2) 

 

𝑢(𝑥, 0, 𝑡) = 𝜑0(𝑥)𝛾(𝑡), 0 ≤ 𝑡 ≤ 𝑇, 0 ≤ 𝑥 ≤ 1   

𝑢(𝑥, 1, 𝑡) = 𝜑1(𝑥, 𝑡), 0 ≤ 𝑡 ≤ 𝑇, 0 ≤ 𝑥 ≤ 1  

And non local boundary condition: 

∫ ∫ 𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦 = 𝑚(𝑡), (𝑥, 𝑦) ∈  Ω ∪ 𝜕Ω   
1

0

1

0
   

                                            (3) 

 

Where 𝑓, 𝜓0 , 𝜓1, 𝜑0, 𝜑1   and  m are known functions and   𝛾(𝑡)   

is to be determined. 

 

II adomian decomposition method 

A. Operator form 

In this section, we outline the steps to obtain a solution the above 

problem using the Adomian decomposition method, which was 

initiated by G.Adomian [9-11]. For this purpose, it is convenient 

to rewrite the problem in the standard form: 

𝐿𝑡(𝑢(𝑥, 𝑦, 𝑡)) = 𝐿𝑥𝑥(𝑢(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢(𝑥, 𝑦, 𝑡))  

                                             (4)  

 

Where the differential operators 𝐿𝑡(. ) =
𝜕

𝜕𝑡
(. ),   𝐿𝑥𝑥 =

𝜕2

𝜕𝑥2 and  

𝐿𝑦𝑦 =
𝜕2

𝜕𝑦2 .  

Assuming that the inverse  𝐿𝑡
−1 exists and is defined as: 

𝐿𝑇
−1 = ∫ (. )𝑑𝑡

𝑡

0
      

                                              (5) 

      

B. Application to the problem 

 

Applying inverse operator on both the sides of (4) and using the 

initial condition, yields: 

𝑢(𝑥, 𝑦, 𝑡) = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢(𝑥, 𝑦, 𝑡)))   

or   

𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 0) + 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢(𝑥, 𝑦, 𝑡)) +

𝐿𝑦𝑦(𝑢(𝑥, 𝑦, 𝑡)))                          (6) 

 

Now, we decompose the unknown function u(x,y,t) as a sum of 

components defined by the 

series : 

𝑢(𝑥, 𝑦, 𝑡) = ∑ 𝑢𝑘(𝑥, 𝑦, 𝑡)∞
𝑘=0     

                           (7) 

 

Where 𝑢0(𝑥, 𝑦, 𝑡) is identified as u(x,y, 0). Substituting equation 

(7) into equation (6) one obtains  

∑ 𝑢𝑘
∞
𝑘=0 (𝑥, 𝑦, 𝑡) = 𝑓(𝑥, 𝑦) + 𝐿𝑡

−1{𝐿𝑥𝑥(∑ 𝑢𝑘(𝑥, 𝑦, 𝑡)∞
𝑘=0 ) +

𝐿𝑦𝑦(∑ 𝑢𝑘(𝑥, 𝑦, 𝑡)∞
𝑘=0 )}                                                                      

(8)    

The components 𝑢𝑘(𝑥, 𝑦, 𝑡) are obtained by the recursive 

formula: 

𝑢0(𝑥, 𝑦, 𝑡) = 𝑓(𝑥, 𝑦)     

                                         (9) 

  

𝑢𝑘+1(𝑥, 𝑡) = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢𝑘(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢𝑘(𝑥, 𝑦, 𝑡))) , 𝑘 ≥ 0

                                                                   

         (10) 

                                                          

 From  equations (9) and (10) we obtain  the first few terms  as: 

𝑢0 = 𝑓(𝑥, 𝑦) 

𝑢1 = 𝐿𝑡
−1(𝐿𝑥𝑥(𝑢0(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢0(𝑥, 𝑦, 𝑡)))  

      

𝑢2 = 𝐿𝑡
−1(𝐿𝑥𝑥(𝑢1(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢1(𝑥, 𝑦, 𝑡)))  

      

𝑢3 = 𝐿𝑡
−1(𝐿𝑥𝑥(𝑢2(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢2(𝑥, 𝑦, 𝑡)))                                                                                                                                                                                                                       

and so on. As a result, the components 𝑢0 ,𝑢1, 𝑢2, … are 

identified and the series solution is thus entirely determined. 

However, in many cases the exact solution in a closed form may 

be obtained as we can see in our examples. 

 

III. NUMERICAL EXAMPLES 
 

A. Example 1  
 

We consider the two-dimensional diffusion equation (1): 
𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2       

     

 In which 𝑢 = 𝑢(𝑥, 𝑦, 𝑡). 

The Dirichelet time-dependent boundary conditions on the 

boundary 𝜕Ω   of the square   Ω defined by the line x=0, y=0, 

x=1 y=1  are given by: 

                                                                                                                                                                                                                        

𝑢(𝑥, 0, 𝑡) = 𝑒(𝑥+2𝑡) 0 ≤ 𝑡 ≤ 𝑇, 0 ≤ 𝑥 ≤ 1                             
                                             (11) 
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𝑢(𝑥, 1, 𝑡) = 𝑒(1+𝑥+2𝑡) 0 ≤ 𝑡 ≤ 𝑇, 0 ≤ 𝑥 ≤ 1  
And the non local boundary condition: 

∫ ∫ 𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦 = (𝑒 − 1)2𝑒2𝑡   
1

0

1

0
    

                    (12) 

 

With the initial conditions 

𝑢(𝑥, 𝑦, 0) = 𝑒(𝑥+𝑦)      

                     (13) 

 

Theoretical solution is given by : 

𝑢(𝑥, 𝑦, 𝑡) = 𝑒(𝑥+𝑦+2𝑡)      

                     (14) 

 

Using the Adomians method, described above,  equation (9) 

gives the first component 

𝑢0(𝑥, 𝑦, 𝑡) = 𝑓(𝑥, 𝑦) = 𝑒(𝑥+𝑦)     

                    (15) 

 

And equation (10) gives the following components of the series: 

𝑢1 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢0) + 𝐿𝑦𝑦(𝑢0)) = 2 ∫ 𝑒𝑥+𝑦𝑑𝑡 = 2𝑡𝑒𝑥+𝑦𝑡

0
   

                     (16) 

 

𝑢2 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢1) + 𝐿𝑦𝑦(𝑢1)) = 4 ∫ 𝑡𝑒𝑥+𝑦𝑑𝑡 = 2 𝑡2 𝑒𝑥+𝑦𝑡

0
       

                     (17) 

 

𝑢3 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢2) + 𝐿𝑦𝑦(𝑢2)) = 4 ∫ 𝑡2 𝑒𝑥+𝑦𝑑𝑡 =

4

3
 𝑡3 𝑒𝑥+𝑦𝑡

0
 

                     (18) 

 

𝑢4 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢3) + 𝐿𝑦𝑦(𝑢3)) =

8

3
∫ 𝑡3 𝑒𝑥+𝑦𝑑𝑡 =

2

3
 𝑡4 𝑒𝑥+𝑦𝑡

0
     

                      (19) 

 

𝑢5 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢4) + 𝐿𝑦𝑦(𝑢4)) =

4

3
∫ 𝑡4 𝑒𝑥+𝑦𝑑𝑡 =

𝑡

0
4

3×5
 𝑡5 𝑒𝑥+𝑦                                   (20) 

 

𝑢6 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢5) + 𝐿𝑦𝑦(𝑢5)) =

8

3×5
∫ 𝑡5 𝑒𝑥+𝑦𝑑𝑡 =

𝑡

0
8

3×5×6
 𝑡6 𝑒𝑥+𝑦                                      (21) 

 

𝑢7 = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢6) + 𝐿𝑦𝑦(𝑢6)) =

16

3×5×6
∫ 𝑡6 𝑒𝑥+𝑦𝑑𝑡 =

𝑡

0
16

3×5×6×7
 𝑡7 𝑒𝑥+𝑦                                                             (22) 

 

Substituting (15)-(22) into equation (7), we obtain the solution 

u(x; y; t) of (1) with (11), and (12) in  series form as: 

𝑢(𝑥, 𝑦, 𝑡) = 𝑒𝑥+𝑦(1 +
2

1!
𝑡 +

4

2!
𝑡2 +

4×2

3!
𝑡3 +

2×2×4

4!
𝑡4 +

2×4×4

5!
𝑡5 +

2×4×8

6!
𝑡6 +

2×4×16

7!
𝑡7 + ⋯ . )                  (23)                                                

Which  can be rewritten as : 

𝑢(𝑥, 𝑦, 𝑡) = 𝑒𝑥+𝑦(1 +
2𝑡

1!
+

22𝑡2

2!
+

23𝑡3

3!
+

24𝑡4

4!
+

25𝑡5

5!
+

26𝑡6

6!
+

27𝑡7

7!
+ ⋯ )                                   (24) 

 

It can be easily observed that (24) is equivalent to the exact 

solution: 

 

𝑢(𝑥, 𝑦, 𝑡) = 𝑒(𝑥+𝑦)𝑒𝑡 = 𝑒(𝑥+𝑦+2𝑡)      
                                                       (25) 

 

B. Example 2  
 

Consider the two-dimensional nonhomogeneous diffusion 

problem 
𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 − 𝑒−𝑡(𝑥2 + 𝑦2 + 4), 𝑡 > 0, 𝑥 > 0, 𝑦 < 1  

                                                       (26) 

 

With Initial condition  

𝑢(𝑥, 𝑦, 0) = 1 + 𝑥2 + 𝑦2      
                                                        (27) 

 

And the boundary conditions: 

𝑢(0, 𝑦, 𝑡) = 1 + 𝑦2𝑒−𝑡  0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑦 ≤ 1  

𝑢(1, 𝑦, 𝑡) = 1 + (1 + 𝑦2)𝑒−𝑡  0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑦 ≤ 1   
                                                         (28) 

 

𝑢(𝑥, 0, 𝑡) = 1 + 𝑥2𝑒−𝑡  , 0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑥 ≤ 1  

𝑢(𝑥, 1, 𝑡) = 1 + (1 + 𝑥2)𝑒−𝑡  , 0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑥 ≤ 1  
And the non local boundary condition 

∫ ∫ 𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦 = 1 +
2

3
𝑒−𝑡 , 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1    

1

0

1

0
    

                                                         (29)  

 

The exact solution is: 

𝑢(𝑥, 𝑦, 𝑡) = 1 + 𝑒−𝑡(𝑥2 + 𝑦2)     
                                           (30) 

Writing the problem in operator form and applying the inverse 

operator one obtains; 

𝐿𝑡
−1 (𝐿𝑡(𝑢(𝑥, 𝑦, 𝑡))) = 𝐿𝑡

−1(𝐿𝑥𝑥𝑢(𝑥, 𝑦, 𝑡))) +

𝐿𝑡
−1(𝐿𝑦𝑦𝑢(𝑥, 𝑦, 𝑡))) + 𝐿𝑡

−1(−𝑒−𝑡(𝑥2 + 𝑦2 + 4)      (31)                                                                       

 

𝐿𝑡
−1 (𝐿𝑡(𝑢(𝑥, 𝑦, 0))) = 𝑢(𝑥, 𝑦, 0)     

                            (32) 

 

From which we obtain: 

 

𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 0) + 𝐿𝑡
−1(𝐿𝑥𝑥𝑢(𝑥, 𝑦, 𝑡))) +

𝐿𝑡
−1(𝐿𝑦𝑦𝑢(𝑥, 𝑦, 𝑡))) + 𝐿𝑡

−1(−𝑒−𝑡(𝑥2 + 𝑦2 + 4)      (33)                                                                         

 

Using Adomnian decomposition, the zeroth component is given 

by: 

 

𝑢0(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 0) + 𝐿𝑡
−1(−𝑒−𝑡(𝑥2 + 𝑦2 + 4)                       

                                               (34) 

 

and 

𝑢𝑘+1(𝑥, 𝑡) = 𝐿𝑡
−1 (𝐿𝑥𝑥(𝑢𝑘(𝑥, 𝑦, 𝑡)) + 𝐿𝑦𝑦(𝑢𝑘(𝑥, 𝑦, 𝑡))) , 𝑘 ≥

0                                                  (35) 

 

Applying these formula, we obtain the components of the series 

as : 
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𝑢0(𝑥, 𝑦, 𝑡) = 1 + 𝑥2 + 𝑦2 − (𝑥2 + 𝑦2 + 4) ∫ 𝑒−𝑡𝑡

0
𝑑𝑡  

𝑢0(𝑥, 𝑦, 𝑡) = −3 + (4 + 𝑥2 + 𝑦2)𝑒−𝑡    
                             (36) 

 

𝑢1(𝑥, 𝑦, 𝑡) = 𝐿𝑡
−1 ((𝐿𝑥𝑥 + 𝐿𝑦𝑦)(𝑢0(𝑥, 𝑦, 𝑡))) = ∫ 4𝑒−𝑡𝑑𝑡

𝑡

0
  

𝑢1(𝑥, 𝑦, 𝑡) = −4𝑒−𝑡 + 4      

                            (37) 

 

𝑢2(𝑥, 𝑦, 𝑡) = 𝐿𝑡
−1 ((𝐿𝑥𝑥 + 𝐿𝑦𝑦)(𝑢1(𝑥, 𝑦, 𝑡))) = ∫ 0𝑑𝑡

𝑡

0
= 0  

𝑢𝑘(𝑥, 𝑦, 𝑡) = 0,   𝑘 ≥ 2      

                           (38) 

 

Once the components are determined then, the series solution 

completely determined as follows: 

 

𝑢(𝑥, 𝑦, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) + 𝑢1(𝑥, 𝑦, 𝑡) + ∑ 𝑢𝑘
∞
𝑘=2 (𝑥, 𝑦, 𝑡)  

𝑢(𝑥, 𝑦, 𝑡) = 1 + (𝑥2 + 𝑦2)𝑒−𝑡     
                          (39) 

  

This solution coincides with the exact one. 

 

 

 

C. Example 3. 

 

Consider the two-dimensional diffusion problem (1) 

 
𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 , 0 < 𝑥, 𝑦 < 1, 𝑡 > 0  

Subject to the initial condition 

 

𝑢(𝑥, 𝑦, 0) = (1 − 𝑦)𝑒𝑥 ,   0 ≤ 𝑥, 𝑦 ≤ 1         
                                      (40)  

 

And the boundary conditions 

𝑢(0, 𝑦, 𝑡) = (1 − 𝑦)𝑒𝑡 ,   0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑦 ≤ 1  

𝑢(1, 𝑦, 𝑡) = (1 − 𝑦)𝑒1+𝑡 ,   0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑦 ≤ 1   

                                                      (41) 

 

𝑢(𝑥, 0, 𝑡) = 𝑒1+𝑡 ,   0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑥 ≤ 1  

𝑢(𝑥, 1, 𝑡) = 0,   0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑥 ≤ 1  

Rewriting the equation (48) in an operator form as the follows 

𝑢0(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 0)      
                        (42) 

 

 

𝑢𝑘+1(𝑥, 𝑦, 𝑡) = 𝐿𝑡
−1 ((𝐿𝑥𝑥 + 𝐿𝑦𝑦)(𝑢𝑘(𝑥, 𝑦, 𝑡))) , 𝑘 ≥ 0  

              (43) 

 

Using the Adomians method,  described above,  equation (9) 

gives the first component of the series as: 

𝑢0(𝑥, 𝑦, 𝑡) = (1 − 𝑦)𝑒𝑥      
                     (44) 

 

And the remaining components are obtained using (10) which 

gives 

𝑢1(𝑥, 𝑦, 𝑡) = ∫ (1 − 𝑦)𝑒𝑥𝑡

0
𝑑𝑡 = (1 − 𝑦)𝑡𝑒𝑥   

                                       (45) 

 

𝑢2(𝑥, 𝑦, 𝑡) = ∫ (1 − 𝑦)𝑡𝑒𝑥𝑡

0
𝑑𝑡 = (1 − 𝑦)𝑒𝑥(

𝑡2

2!
)   

            (46) 

 

𝑢3(𝑥, 𝑦, 𝑡) = ∫ (1 − 𝑦)(
𝑡2

2!
)𝑒𝑥𝑡

0
𝑑𝑡 = (1 − 𝑦)𝑒𝑥(

𝑡3

3!
)   

             (47) 

……. 

𝑢𝑘(𝑥, 𝑦, 𝑡) = ∫ (1 − 𝑦)(
𝑡𝑘−1

(𝑘−1)!
)𝑒𝑥𝑡

0
𝑑𝑡 = (1 − 𝑦)𝑒𝑥(

𝑡𝑘

𝑘!
)  

             (48) 

 

 Using these results, the solution in series form  is given by; 

𝑢(𝑥, 𝑦, 𝑡) = (1 − 𝑦)𝑒𝑥(∑ (
𝑡𝑘

𝑘!

∞
𝑘=0 )) = (1 − 𝑦)𝑒𝑥+𝑡   

            (49) 

 

As we can verify by substitution, this solution is equivalent to 

the theoretical one. 

 

 CONCLUSION 
 

In this work we applied the Adomian decomposition method for 

solving a two-dimensional diffusion equation, the method avoid 

the difficulties and massive computational work by determining 

the theoretical solution. The obtained solution is very rapidly 

convergent and provides a reliable technique that requires less 

effort and yields highly accurate results in comparison with the 

traditional techniques. The Adomian methodology is very 

powerful and efficient tool in finding exact solutions for  a wide 

classes of problems. Through the illustrated problems, the 

obtained results are more accurate than those obtained by M. 

Siddique 
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