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Résumeé

Dans ce travail, nous précisons en premier lieu la méthode des noyaux de Fourier — Parseval.
Nous appliquons ensuite cette technique pour étudier une classe de noyaux pour lesquels les intégrales
de Poisson, Wallis et Euler sont des cas particuliers.

Des propriétés et des identités remarquables sont ainsi établies.

Mots clés: Séries de Fourier, coefficients de Fourier, Fonctions analytiques, Fonctions

génératrices, Séries et Intégrales.

Abstract

First of all, we point out in this paper, the Fourier-Parseval Kernels méthod.
Then we apply this technique in order to study a class of kernels for wich the Poisson Wallis and
Euler’s integrals are particular cases.

Thus, remarkable properties and identities are established.
Keywords: Fourier series, Fourier coefficients, Analytic and Generating functions, Series and
Integrals.
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n this paper, we use the technique called Fourier - Parseval kernels. to

deduce some remarkable integrals, series, harmonic functions and
Fourier expansions.For instance, we show that Euler, Wallis and
Poisson’s integrals are particular cases of kernels. Generally there exists a
whole class of such kernels. we may find other results and Tables in [1].

Let

f(z) =% a_z

) n
nzi

be an analytic function with its Taylorian expansion around the origin and

Dc its convergence domain.
For

z=re" ::»f(reiE ): > ar* (cosn+isinnd) (1)

nzl

For symmetry reasons, we can choose choose 8 € [z, «t] instead of [0.27]

Then: Re f(re® )= > a,r® cos n@ @
nzl

and Im f(re ® )= > a,r"sin nd G
nzl

The series (1), (2) and (3) are of Fourier type.

If the convergence of (1). (2) and (3) is uniform within D¢, then we know
.1l that (2) and (3) are exactly the Fourier expansion of Re f (;-em) and

“ iy —gosh B A e A
o 3uday elld ey (Parseval) —Fourrier
Skl NEEN 3]3:'1] 232 e 44 2‘-“-'|'Jd :‘-q:)-lﬂjl' Ref(;'gs:] and Imf(}‘en:‘].
Osls 5 (Wallis) <'s (Euler) LY3s'  Then we write write.

Im f(resa ). Otherwise, we apply the uniqueness theorem of Riemann on

Fourier developments [8] and [9] to deduce. again. under some hypothesis
of integrability that in both cases (2) and (3) are the Fourier expansions of

e Aala @Yla et ( Poisson) Re f[re SRS a.r% cos ng (O € - 7. 7] @
_\Ll'j._l'u.'aﬂ] 3 H\.aljijll Hama ;u;):_', 3 "1_‘&1.1 ?3 Bt
; . P Im fl re ‘=T a_r®sin nd ° GE[—T{_T[] (5)
st sl ¢ 8 JuDl ¢ dualidal) SlalCt L A

5 Sl ¢ Falgal &lsill ¢ LLlaill ai)gill ¢ The harmonic functions Re f{reia'] and Im f [1‘ejs) are even and odd
2L respectively. Both Fourier coefficients are identical, excepting ag.
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Some Fourier developments are obtained from analytic

continuation as.
) =2 a,(iz)
nz0

this gives an expansion which is neither even nor odd.

Therefore, from the series (4) and (5) we deduce the Fourier
coefticients formulas:

2
|

i. Re f(re ke : vreD, ()

| Re f(re = )cos n6doe

A=
. |

% | Im f(re @ )sin nfdo
n

=a,r" VreD,: VneN (M

Finally, Parseval identity g gi\'es '

'THRe f(reie)]2d8 TE[ 2ag+ > agr’

it nzl J

(8)

and

ji [Im f(re’

)fdo =2Y alr:7reD. )

nxl

The simplest application 1s the geometric series

= z" z| <1
)ese
we get
l—rcos B R
- = r® cos nB -
1+r° —2rcos 6 =
rsin® :
- = > r'sinnd
141" —2rcos® 3
Such that: |8|=mandre [0, 1[.
We also have .
* l-rcos f
- : de = 2= vre o] -
s1l+r"—2rcos B
R 4 ™

g o |
J._ri sinnf do = mr"

cosnB do = 1] ;g&

A l+r —2rcosd)
Yre [0:1[

N 1+1r —2rcosBd)
“ne N

Parseval equality 1s :

j{ l;rcos@ id8=7[
sLl+r" —2rcos 6] \
P . -2 e )

o 6 <
j|: ﬂraln Ide -
S Ll+r"=2rcos 9] \

Even and odd properties imply integrals from 0 to .

r‘h I;\?’re[O,l[
—r

3 | 1 Vre [0_.1[

Secondly, the choice of : implies the results for all

1+z

It <1.

For instance, the Poisson integral
0:(r|<1)
is just the Fourier kernel of the analytic development.

gl-2z)=-Y =
n

—
=1

Ilg‘xl + r2 — 2rcos 8\| de =
\ )

0
with |z| <1

Wallis integrals

cos "6 do = Isin‘@ de

[ I——y

are particular cases of kernels associated to the Binome
formulae
<1 )

:Za(a—lj (c,—n+1) (|

1
nzl n.

(1+2z)*

Euler’s integrals are particular cases of Poisson’s integrals,
obtained when the parameter r tends to 1.

Moreover, Parseval identity give s us the computation :
x b : 12 ln

jilg2(1+r2—2rcose_]d6 =j{a.rctan rsin® Z

0 = n
(|r| < 1)

The rich class of analytic Taylorian expansions of
functions, implies an enormous choice of Fourier - Parseval
kernels. Other developments and details may be found in
[1].

Now, we would like to apply this technique in order to
establish some results. as shown above, related to series,
integrals, harmonic functions, and Fourier expansions of
remarkable analytic functions.

In a forthcoming paper [2]. other generalizations and
extensions are studied. Commentaries. summary and left
open problems are quoted therein.

tulﬁ

—rcos@'

Proposition 1: We have the relations :

Fl)j-{:l—r2 —2recos e)“de = Iz[a(u-l}..(u—n+l)_ i

|
nzl n!

YaeR 1'\:"|r|<1

olo-2 a-4) (e-20-1)T :
2%l |

b)j‘cos“ede - jsm“ 6d6 = T[
c. o
Vo >=-—1

Proof. By applying Fourier - Parseval technique (as
explained m the Introduction) to the Binome expansion

(+2)" = <« a(a-1). (a—n+1)

!
U [

We deduce the following kernels :
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[1 +r? + 2rcos GF cos(a(ﬂ,__a )

=1+ ala—1).(e—n+1)

nZzl n!

(10)

1" cos(nb)

X )
(1+r*+2r cosf )2 sin[.otcor__ﬁ]

an
_y o Ulomntl) . )

nzl n!

where @, p=arctan| _ ! sin ©
l+rcos 0

and v|r|41 1 VaeR . v|.9|g;;
Fourier coefficients of (10) and (11) are well
determined. The two values (£n) of 6 are deduced from the

Dirichlet continuity conditions.

In particular, from a; we have
B o
J'{1+r2+2rc050]icos{ao),__a)d€l=ﬂ PV¥|r|<1:V @eR (12)

0
Parseval identity implies:

Jr-ﬂl +1? + 2rcosh r cos’ ﬂ:acol__e :I de = §{2+ (W]._rh]

) =14 n!

T{:1+r]+2rcose:rsi.n:{0t(3 ’de—l_ (ct o —1).fo - n+1}J "

[} FEIAN n!

M

o |,.|{1 Vo e R

Hence. we deduce :

j‘[1+r2 +2reos 8)'do= nZ[a(a_llu(a_n-'—l)]L.r:“ >

0 nz{ n!

(13)

v |F|<1 VasR !

this proves (a)

On the extermal point of the interval r = 1. the series in
(13) above is convergent for a = —1/2 and divergent for a
<1/2.

Therefore, from Abel and Lebesgue’s
theorems we deduce as r tends to 1 that:

fumse} do= Z[w} . _%

o
] 2 n=i n!

Tcos‘“ 046 = 2 Z{ &—1)...(a—n+1]} g s L
@ - 2

= n!

convergence

And finally :

cos® 0do =

Z[a[a— 2No—4) (o —2(n —1)}}’ TYos -1

2" nl

S|

nzl

(14)
this establishes (b)

Proposition 1 expresses a Fourier - Parseval kernel formulae,
which is at the same time a generating function ([2] and [5]). In
other words the integral as a f unction of the variable little r is
analytic and the series in the right handside contains fully
determined Taylor coefficients.

Secondly, it 1s an extension of Wallis integrals from N
to R.

As a corollary, we have the following result :

Corollary 1:

(2p)!

Y Zu:[ (p!)

b)z[@p +1)2p-1)2p-3)..2p+1-2(n-
2%n!
Vpe N
Proof. Let us remind that Wallis integrals are:

n T

I, =i'cos“ 9d9=j'si.n”0d8
0

0

plp-1)p-2).p-

I¥pe N

(n—l})]z _

1])}2 _ 12297l
n (2p+1)

nzl

. YhneN

Where,
2% (p!)°

(2p)!
P 2p+1 = (2p+1)'

_r_\“p)
MY

Hence the finite sum in (a) is obtained from (b) of Prop
1 by taking o = 2p.

I and I,

In the same manner (b) is derived from (b) of Prop 1. by
putting o =2p + 1.

Proposition 2 : We have :

2) lo-1llo-2n+1) r \'.‘J _aﬁa—ll__ﬁot—n+ll}1 ,
1+ 12 F al . I \ n .
@ [{+r) Z (nl) |-\1+r‘,' = a! '
vlf <1;YoeR
[a n+1r} alo—1) {oe—2n+1) 1
SRl Y " n— O v
® Zi Zé 2% (nlf ’ 2
Proof. Let

I =T1+r2+2rcosﬁad9 YreR:0 R
= [ )
Q

I =(1+r2)0'i[1+ =
“ 5 1+1°

because 2_?:
1+

[+
cos GJ de;

<] : VFreR : ‘I“il : using the binome

development and uniform convergence . we get

I, =(1+r:)mz d(d—ll..(d—n+l]{ ErZTICOSD 6d6.

= n! 1+r 0

1 T

Tcos“ 0de =jc05 ® 9de +_Tcos *9de =(1 + (-1 ]J% cos™ Bde.

1] ] T 0

z

Therefore :

alo— 1}. (c—2n+1) 2r - n (2n)!
(l”)aé, 20) {1+r2] 22 ()
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=1

I,

oo —1)..(c-2n +1)[ c ]

nz0 (n!)1 1+r?

By continuity and uniform convergence, this relation holds
forall r€ R

For the values of r € R satisfying |r| <1 and using

Proposition 1, we get :
a(a—l}..{a—n+]] ’ l
I,,=m - r
- Z{ (n!) }

nzl
(1+ )qza{o: 1)..

20 (m!)’

u 2n+1}[ ! J _;‘VoaeR;|r|<l
I+r°
Using Abel’s theorem as r tends to 1, we get (b) and the
proof is complete.

Proposition 2 above, shows that for numerical
applications the integral,

- o= R

:|;(1+r2 + 2rcos B)qu):I
0

may be computed for all values of r € R . and a in the
corresponding domain of convergence. However, the result
is not of functional nature, neither does it express that the
integral is a Fourier - Parseval kernel.

On the other hand, for |1 < 1. the proposition shows that the
function :

e dle-1)(a-20+1){ 1
fuh-]_(1+1 ) ; (IITJQ [1+1‘2

is a generating and analytic function , with respect to the
variable 1.

] c0eR

Cor ollal'v 2:

-1..(p-(2n-1
(a) nzzop(p )23(“13:1!; n-1) _

Yopsl),
) Z{zp+1l{2p—1}..1jzp+1—21'2n—1‘1} 12
= 2 (n)f T (2p+1) P

Proof. From the relation (b) of Prop 2. a change of variable
from o to a/2 gives :

Z[o:{a 2).a 2{n 1]}] 222&(& 2).{a-22n-1)) o1

2%(nl)’

Taking o=2p : p € N, we get

Zp(p ) ] - —PZ

520 2? ( ] 220

{ p-1).(p —(n—l))}2

n!

Then Corollary 2 implies

! peN

5 p(p-1).(p—(2n-1)) _ (2p)!

= 272 (n!) 27 (p!)’
This proves (a). which is a finite sum according to p being
even or odd.

In the same manner, for (b) we take o =2p + 1.This implies
that :

21

Z[;pﬂ]jzp—u.{2p+1—:»:[2n—1]} 51 (2p+1)2p—1)..(2p+1-2n— 1|T

= 2*#(nf = *nl

and corollary 1 mmplies :

Z{2p+1)(2p ~1.{2p+1-2(2n-1)) _ , 1 y

= 2% (nlf 2ot

932+ 2%
(! : peN
(2p+1)

.2 2

and the proof is complete.

Proposition 3 :

® 3 2(2(‘:“) [1 — ] —1gh+r?) YL
® g‘;“(; ])Z' =1lg2

2n — 1)t : s
(©) ;[2 “(nf)] pzl Ij [ g’ 2]
Proof. From the introduction. we know that :
ilg(1+ 12 —2rcos6)de = 27 Iglr|
0
thatis Vr € R :and ‘?“/\«-l . This implies :

H>l.

i1

The entire (or power) series of lg (1 — x) is uniformly
convergent within [x| < 1.

- cos E}JdB =nlg !
1+

Therefore,
2r
l+r°

vreR, <1 Ir| = 1

implies through the uniform convergence theorem that :

—Z[

nzl 11

. |r|‘;~1 -

n ] Icos Ode—nla
+r°

Comparatively with steps developed in Proposition 2,
using Wallis integrals, we deduce :

—TL[ 2r } o1 _(2n) ol

S 2nl1+1° 2 27 (n!)*
_ (2n)! ( ] _ lg[1+ I_J Yr[»1
= 2n(n') re
Hence :
(2.11)!‘ [ r _ J' - le (l . rz) V|r|<1
= 2n(n!)y L1+1r°

This establishes (a)
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In particular, as r tends to 1 we get the result (b) :
(2n 1)1
nxl 2 2= (1‘1 rJ2
From the same kernel of the logarithm analytic function,
we have the Parseval identity (see the Introduction):

j%lgz(l—rz—Ercosﬂ) Z—

0 x-,»_) n

-

: |r|<1-

Then. using the same preceeding steps and the Taylor
expansion of Jg?(1- . and making

r—1 : we obtain the series (c):

sl (=2
=i 22y &=e) 203

In the same manner. we can compute for definiten € N . the

coefficients:
T ‘ r s x
[rl<1 - jlg(l +1° —2rcosB)cosnBdB=—q— : VHEN .
2 n
The series function h(r) in (a) of Prop 3 is a generating
function equivalent to the

Analytic 1g(1 + 2°) . |z| < 1. More generating functions
as lg(1 — x), Lg’(1 —x) are treated in details in Part II [2].

Proposition 4 : We have the following i11te2ral'5'

(a) _"lg 1+1’ - 2rcos 6)do = 2-:2 LI 5!
nzl Il

(®) Ilg:{l-k r? - 2rsin 6)d6 = any L . Vrf<1
nzi 17

(©) "'lgz[l +cosB)dd = Jlgz (1+sin6)d6 = §n3 +2(1g2)
Proof.

(a) From the Fourier - Parseval kernel of the analytic
function lg(1 = z) i the Disc |z| = 1 we deduce that (see
hltroduction) :

jla 1+r1° —”rcos@}d@ ZRZ—L‘ » V<l

nzl 1

(b) To get the result as in (a). but depending upon sine
function we use the analytic extension:

f(z)=1g(l+iz). Vlz|<1

The Fourier - Parseval kernel in this case leads to:

jlg +r? —2rsin B)de = 4"12 —r = ‘U'|I‘|c:1.

nzl n-

(c) From the relation (a), using Abel and Lebesgue’s
convergence theorems as r — 1, we get :

jlgz[ 2(1-cos 0)]d6 = 2"12—:1113
0 nzl 1 3

Developing the square and using the fact that:

lg(1—cos 8)do = -nlg2

ot—

obtained from the coefficient a0 = 0 in the Fourier
expansion of Re [lg(1 — z)] .we get the desired result. We
remind (see Introduction) that:

jlg(l +1% - 2rcos 8)(18 =0 V|<1.
0

In the same way, the result depending upon sine
function is proved, using the kernel relation in (b).

Formulas such as (¢) in Proposition 4 are well known under
the compact form

lg?(cos 8)d6 =

= 11
o e b | 2

l (sin 8)d6 = —12 2
24 2

However . relations (a) and (b) in the same proposition
show that general integrals do exist . depending upon
parameterr € R: |1 < 1.

They are analytic and generating functions with respect
to this variable and that they are of Fourier —Parseval kernel

type.

Proposition 5 : We have the following integrals

@ [ lg(l +17 —2rcos 6)lg(l+ r* + 2rcos 6)d6

0

- Ilg(l +1? ~2rsin 8)lg(l + 17 + 2rsin 6)d6

0
} . \?"|r

_n i p2(2ms1) .
E{Z 7~ 4Z 0 ~

(®) jlg{l —cos0)lg(1+cosb)de =j1g(1 —5in6)lg(l +sin6)de
0 0

PESER nzl (2ﬂ+l)‘

m’ s
= —+nllg2)
5 (lg2)

Proof. (a)Through the determination of the Fourier -
Parseval kernels of the analytic extension :

arctan  z — Ll {1‘* iz} . in the Disc |z| < 1.
2i 1-iz

We deduce that:

2rsin 9} p2(20+D)

I+1
lg”| ——————|dO=16"
_'[ L+r‘ +2rsin © Z

|r|<1.
] 21’1 +1

then: jl S 1+1? —2rsin 6 a0
1+1r’ +2rsin 6
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Tlgz(l +r’ = 2rsin 8)(18 + i;lgz(l +1’ + 2rsin B)de

n :T[
+ j.— Zlg(l +1° - 2rsin 8)1g(1+ r’ + 2rsin B)de
Therefore, using (b) of Prop 4, we get :
J'lg(1+r2 — 2rsin 9] Ig(l+r2 +2rsin B)de

o .

S (2n+1)

In 2(2n+1)
——16m
nzl n-

= [ lg[1+ r? —2rsin 8) 1g{l+r2 + 2rsin B)de
- 2(2n+1) rll:in—l:l
5 By 5 e

Hence:

[

r? + 2rsin 0)d6

|

In a similar manner. using the analytic function
1 2ol l Z | forl |4<1
-lgf
21 l
and the property (a) of Ploposmon 4 . we get the same
result depending up on cosine function.

gl+r? —2rsin B)Ig(l-l-

2(2n+1)

42

n=0

D

(2n+1)
forallr eRand 1| =1

arctan (iz) =

Finally, a passage to the limit when r tends to 1 gives
the property (b) and the proof is complete.

10

Throughout the different steps of our study, we did not

consider the kernels Imf(re 8 ) which are of the type

arctan (rcos®, rsinf) and the Fourier - Parseval properties
related to them. More details may be found in [1] and [2].
As an example, we have

] £
J[arctan ﬂ} de=nd 1, = |r] <1
e 1+rsin @ <in°
and
T 3
| [arct o5 o 46 = =
i 1+ sin 6! 6
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