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Abstract- In this work we give some generalization of the results established and proved by A.Senouci and al (See [1] and [2])..

Index Terms—Inequalities, Hardy’s operators.

I. INTRODUCTION

ETf be a Lebesgue measurable function on (0, +00),
and let w denote a weight function on (0, c0) (that is a
non-negative Lebesgue measurable function). For 0 < p < 1,
the weighted space function L% (0, c0) is the space of all real-
valued Lebesgue measurable functions with finite quasi-norm.

o= ([ |f<x>|pw<x>dx);

The weighted Hardy operator is defined by

(Hof) (@ /f

where 0 < W (z fo t)dt < oo for all x > 0. Note that
for w(t) =1, the operator H is the usual Hardy operator

- i/o F(t)dt

n [1] the following lemma was proved .
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t)dt, x >0,

Lemmal Let 0 < p <1 ¢ >0 A >0, wbe a weight
Sfunction on (0,00) such that w(z) < cw(y) for 0 <y <z <
oo. If f is a non-negative Lebesgue measurable function on
(0, 00) such that for almost all 0 <t < oo,
1
p
Y ‘1dy> ,

fit) <A ( / tw(y)yp—ldy) B ( / )
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then for all x > 0

< ﬁf(m) (/Ow f”(y)w(y)y”ldy) BG)
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where co

Lemma 2 LetO<p <1 B >0, wbea weightfunction

on (0,00) such that for all z > 0, [Jw(t)dt < oo. If
f is a non-negative Lebesgue measurable fumnon on (0,00)
such that for almost all 0 < x < o0

/ " Py

P=Ldy < oo,

and

= ([ ro

Then for r > 0

v 1dy) : ( I w(y)dy) = (),

3
(/TOO fPy)w(y)y

n [2] the following theorem was proved.

(H 1) (r) < pB"Pu(r) dy) @

TheoremlLet0<p<1 B >0, x>0and—7<a<
1— = . If f is a non-negative Lebesgue measumble function
on (0,00) and satisfying condition (4), then

17 (H* ) Lr (0,00 < PB P (ap+1) "7 [y f ()| 20 (0,009 -
)

the aim of this work is to generalize some results obtained
in [2].

II. MAIN RESULTS

Let f be a Lebesgue measurable function on (0, 00). The
following theorem is the generalization of theorem 1 for
weighted Hardy operator.

Theorem 2 Let 0 < p <1, x > 0, B > 0, w be a weight
function such that w(r) < w(y) < oo forr < y < oo, and

—% < a < 1—2L If fis non-negative Lebesque measurable
Sunction on (0, 00) satisfying condition (4), then
o ’ < pBl7P 6
|ranm|,,.,. <» ©)
D7 |y e () 7
(pa+1)"7[ly* " fy)w> (y) L (0.00) @)
Proof-
By (4) it follows that
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Let

I = pBl P
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By fubuni theorem we have
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Remark 1 If we put w(zx) =1 in (??) we get Theorem 1.
L[> f(t)dt where f(z) <

Now we lead with the operator
1
S rmerTtd)

Lemma 3 Let 0 <p <1, M >0and x > 0. If f is a non-
negative Lebesgue measurable function on (0,00) such that
for almost all 0 < x < oo,

/Oo PP dt < oo

and N
fla) < % ( / ff’(t)t”‘ldt) " ®)
Then - » -
( / f(t)dt) <K / [0 T )
where K = pP MP1-p),
Proof-

By (8) for ¢t > 0 it follows that

1-p

fIP) < Mtreet (/too f”(y)yp‘ldy) ’

Hence

1=-p

F(t) < MR pr () 1(/ ()" 1dy) "

i [(/ o)’ ]

Integrating over (x,c0) we obtain

/x ~ fat

31

< pM'*P lim

<pM1p</ 2y pldy) :
hence
oo P o0
(/ f(t)dt> < pP MP(-P) / Py~ tdy.  (10)

Theorem 3 Let 0 < p < 1, 2 > O and o > 1 — L If f
P

is non-negative Lebesgue measurable function on (0,00) and

satisfies (8) for all x > 0, then

||$a(fff)($)||m(o,oo) S K[t f@)lle .00, (D
where (Hf)(z) = = L [™ f(t)dt and K, =pr(a—1+
,)—;Ml P,

P
Proof-

Let (Hf)(x) =1 [
J = ||z (Hf)(@)]] 1o (0,00 -

By definition of J we have

f(®)dt, 0 < x <t < oo and

J- [ / h xpa<ﬁf>P<x>dx] "

[ [ o ]

By (10) is follows that:
gD ([ f(0yr)” dax]

<A [ 0 ([ pr-tar) )
by Fubuni theorem and a > 1 — 2, we obtain

[/ ;vpo‘l)</ fP)tP~ 1dt>dxr]:
[ o (farevaca]
(a —1+ ;) v [/OOO fp(t)tpltp<a1>+1dt] ' .
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