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Abstract- In this work we give some generalization of the results established and proved by A.Senouci and al (See [1] and [2])..
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I. INTRODUCTION

LETf be a Lebesgue measurable function on (0,+∞),
and let w denote a weight function on (0,∞) (that is a

non-negative Lebesgue measurable function). For 0 < p < 1,
the weighted space function Lp

w(0,∞) is the space of all real-
valued Lebesgue measurable functions with finite quasi-norm.

∥f∥Lp
w(0,∞) =

(∫ ∞

0

|f(x)|pw(x)dx
) 1

p

.

The weighted Hardy operator is defined by

(Hwf)(x) =
1

W (x)

∫ x

0

f(t)w(t)dt, x > 0,

where 0 < W (x) =
∫ x

0
w(t)dt < ∞ for all x > 0. Note that

for w(t) = 1, the operator Hw is the usual Hardy operator

(Hf)(x) =
1

x

∫ x

0

f(t)dt.

. In [1] the following lemma was proved .

Lemma 1 Let 0 < p < 1, c1 > 0, A > 0, w be a weight
function on (0,∞) such that w(x) ≤ cw(y) for 0 < y < x <
∞. If f is a non-negative Lebesgue measurable function on
(0,∞) such that for almost all 0 < t < ∞,

f(t) ≤ A

(∫ t

0

w(y)yp−1dy

)−1
p
(∫ t

0

fp(y)w(y)yp−1dy

) 1
p

,

(1)
then for all x > 0

(Hwf)(x) ≤
c2

x.w
1
p (x)

(∫ x

0

fp(y)w(y)yp−1dy

) 1
p

, (2)

where c2 = p
1
pA1−P c

2
p−1

1 .

Lemma 2 Let 0 < p < 1, B > 0, w be a weight function
on (0,∞) such that for all x > 0,

∫ x

0
w(t)dt < ∞. If

f is a non-negative Lebesgue measurable function on (0,∞)
such that for almost all 0 < x < ∞∫ ∞

x

fp(y)w(y)yp−1dy < ∞,

and

f(x) ≤ B

x

(∫ ∞

x

fp(y)w(y)yp−1dy

) 1
p
(∫ x

0

w(y)dy

) 1
1−p

w
1

1−p (x),

(3)
Then for r > 0

(H∗
wf)(r) ≤ pB1−Pw(r)

(∫ ∞

r

fp(y)w(y)yp−1dy

) 1
p

. (4)

In [2] the following theorem was proved.

Theorem 1 Let 0 < p < 1, B > 0, x > 0 and − 1
p < α <

1 − 1
p . If f is a non-negative Lebesgue measurable function

on (0,∞) and satisfying condition (4), then

∥τα(H∗f)(τ)∥Lp(0,∞) ≤ pB1−p(αp+1)−
1
p ∥yα+1f(y)∥Lp(0,∞).

(5)

the aim of this work is to generalize some results obtained
in [2].

II. MAIN RESULTS

Let f be a Lebesgue measurable function on (0,∞). The
following theorem is the generalization of theorem 1 for
weighted Hardy operator.

Theorem 2 Let 0 < p < 1, x > 0, B > 0, w be a weight
function such that w(r) < w(y) < ∞ for r < y < ∞, and
− 1

p < α < 1 − 1
p . If f is non-negative Lebesque measurable

function on (0,∞) satisfying condition (4), then∥∥∥rα(H∗
wf)(r)

∥∥∥
Lp(0,∞)

≤ pB1−p (6)

(pα+ 1)−
1
p

∥∥∥yα+1f(y)w
p+1
p (y)

∥∥∥
Lp(0,∞)

. (7)

Proof-
By (4) it follows that∥∥∥rα(H∗

wf)(r)
∥∥∥
Lp(0,∞)

≤ pB1−P
∥∥∥rαw(r)(∫ ∞

r

fp(y)w(y)yp−1dy

) 1
p ∥∥∥

Lp(0,∞)
.
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Let

I = pB1−P
∥∥∥rαpwp(r)

(∫ ∞

r

fp(y)w(y)yp−1dy

)∥∥∥ 1
p

L1(0,∞)
.

By fubuni theorem we have

I = pB1−P
∥∥∥fp(y)w(y)yp−1

(∫ y

0

rαpwp(r)dr

)∥∥∥ 1
p

L1(0,∞)
.

Hence

I ≤ pB1−P
∥∥∥fp(y)w(y)wp(y)yp−1

(∫ y

0

rαpdr

)∥∥∥ 1
p

L1(0,∞)

= pB1−P
∥∥∥fp(y)w(y)wp(y)yp−1

(∫ y

y

rαpdr

)∥∥∥ 1
p

L1(0,∞)

= pB1−P
∥∥∥fp(y)w(y)wp(y)yp−1

[
rαp+1

αp+ 1

]y
0

∥∥∥ 1
p

L1(0,∞)

= pB1−P
∥∥∥fp(y)w(y)wp(y)yp−1 yαp+1

αp+ 1

∥∥∥ 1
p

L1(0,∞)

≤ pB1−P
∥∥∥fp(y)yαp+1yp−1w

p+1(y)

αp+ 1

∥∥∥ 1
p

L1(0,∞)

= p1−
1
pB1−p(α+

1

p
)−

1
p

∥∥∥w p+1
p (y)yα+1f(y)

∥∥∥
Lp(0,∞)

.

Remark 1 If we put w(x) = 1 in (??) we get Theorem 1.

Now we lead with the operator 1
x

∫∞
x

f(t)dt where f(x) ≤
M
x

(∫∞
x

fp(t)tp−1dt
) 1

p .

Lemma 3 Let 0 < p < 1, M > 0 and x > 0. If f is a non-
negative Lebesgue measurable function on (0,∞) such that
for almost all 0 < x < ∞,∫ ∞

x

fp(t)tp−1dt < ∞

and

f(x) ≤ M

x

(∫ ∞

x

fp(t)tp−1dt

) 1
p

. (8)

Then (∫ ∞

x

f(t)dt

)p

≤ K

∫ ∞

x

fp(t)tp−1dt, (9)

where K = ppMP (1−p).

Proof-
By (8) for t > 0 it follows that

f1−p(t) ≤ M1−ptp−1

(∫ ∞

t

fp(y)yp−1dy

) 1−p
p

.

Hence

f(t) ≤ M1−pfp(t)tp−1

(∫ ∞

t

fp(y)yp−1dy

) 1−p
p

,

= pM1−p(−1)

[(∫ ∞

t

fp(y)yp−1dy

) 1
p

]′
.

Integrating over (x,∞) we obtain∫ ∞

x

f(t)dt

≤ pM1−p lim
c→∞

((∫ ∞

x

fp(y)yp−1dy

) 1
p

−
(∫ ∞

c

fp(y)yp−1dy

) 1
p

)
,

≤ pM1−p

(∫ ∞

x

fp(y)yp−1dy

) 1
p

,

hence(∫ ∞

x

f(t)dt

)p

≤ ppMp(1−p)

∫ ∞

x

fp(y)yp−1dy. (10)

Theorem 3 Let 0 < p < 1, x > 0 and α > 1 − 1
p . If f

is non-negative Lebesgue measurable function on (0,∞) and
satisfies (8) for all x > 0, then

∥xα(H̃f)(x)∥Lp(0,∞) ≤ K1∥tαf(t)∥Lp(0,∞), (11)

where (H̃f)(x) = 1
x

∫∞
x

f(t)dt and K1 = p1−
1
p (α − 1 +

1
p )

− 1
pM1−p.

Proof-
Let (H̃f)(x) = 1

x

∫∞
x

f(t)dt, 0 < x < t < ∞ and

J = ∥xα(H̃f)(x)∥Lp(0,∞).

By definition of J we have

J =

[∫ ∞

0

xpα(H̃f)p(x)dx

] 1
p

,

=

[∫ ∞

0

xp(α−1)

(∫ ∞

x

f(t)dt

)p

dx

] 1
p

.

By (10) is follows that:[∫∞
0

xp(α−1)
(∫∞

x
f(t)dt

)p
dx×

] 1
p

≤ pM1−p
[∫∞

0
xp(α−1) ×

(∫∞
x

fp(t)tp−1dt
)
dx
] 1

p ,
by Fubuni theorem and α > 1− 1

p , we obtain[∫ ∞

0

xp(α−1)

(∫ ∞

x

fp(t)tp−1dt

)
dx

] 1
p

=[∫ ∞

0

fp(t)tp−1

(∫ t

0

xp(α−1)dx

)
dt

] 1
p

,

= p−
1
p

(
α− 1 +

1

p

)− 1
p
[∫ ∞

0

fp(t)tp−1tp(α−1)+1dt

] 1
p

.

Hence [∫ ∞

0

xp(α−1)

(∫ ∞

x

f(t)dt

)p

dx

] 1
p

≤ M1−pp1−
1
p

(
α− 1 +

1

p

)− 1
p
[∫ ∞

0

fp(t)tpαdt

] 1
p

.
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