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AbstractAbstractAbstractAbstract 
In this work we have studied the growth of titanium doped sapphire using the micro-pulling down   technique;  we established a 

numerical, two-dimensional finite volume model in cylindrical coordinates with an axisymmetric configuration. The  flow, the heat 

and the mass transfer are modeled by the differential equations of conservation of mass, momentum,  energy and species. This 

problem, which takes into account the convection-diffusion coupling, is discretized using the Finite  Volumes Method. Simulation 

results show that    the longitudinal   distribution   of titanium  remains homogeneous    along the axis of the sapphire material. The  radial 

mass transfer of titanium increases in the  crystal when  the pulling rate increases. This important result contributes to strengthen the 
coupling of the laser beam with the active ions and allows a highest laser output power. The melt/crystal interface for the µ-PD 

technique has a flat shape;  this flatness of the interface shape agrees  with the  experiment observation  and is very important since it 

shows that drawing conditions are very stable.    Our model for the µ-PD method is in  good  agreement with experimental    results.   
 
Keywords:Keywords:Keywords:Keywords:  Crystal growth, Fiber crystals, Sapphire, Titanium, micro-pulling down (µ-PD), Shaped crystals. 

    

NomenclatureNomenclatureNomenclatureNomenclature    

    ��        Biotnumber,  ���/��. 

	            dimensionless solute concentration. 

	
  initial solute concentration. 

	�� specific heat capacity of the crystal (J/KgK). 

	��  specific heat capacity of the melt (J/KgK). 

        diffusion coefficient                 (m2 /s). 

�
 gravitational acceleration (m2 / s). 

�        heat transfer coefficient(w/cm-2 k-1). 

�� thermal conductivity of crystal (w/m k). 

�� thermal conductivity of melt (w/m k). 

��  Marangoni number  ((��/�������� (µµµµ����⁄ . 
��� Peclect numbers of the crystal    ����/��. 

��� Peclect numbers of the melt      ����/��. 

    

��     Prandtl number                             �/��. 

��� thermal Rayleigh number  

 �
��(��� − �����" ���⁄  

��#  solutal Rayleigh number,           
�
�		
��"

 �.  

��  crucible radius. 

��  crystal  radius. 

#�  Schmidt number,                              ��/. 

�    dimensionless temperature. 

�� ambient temperature. 

			%            time. 

			&		    r-component of velocity. 

        '        z-component of velocity. 

        �        dimensionless radial cylindrical coordinates. 

        	(        dimensionless axial cylindrical coordinates. 
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1111. Introduction. Introduction. Introduction. Introduction    

Because of its exceptional chemical and physical 
properties [1], sapphire is a very important material used 

in several military, environmental, medical, and industrial 

applications [2,3]: optical systems, watch windows, cellular 

phone glasses, optical fibers, wave guides for surgery, 

needles for laser therapy and medical power delivery 

systems [2].  

Titanium doped sapphire has excellent mechanical, 

thermal, and optical properties which allow the 

development of various systems especially laser devices 

[4]. Many growing techniques have been used to grow this 

material such as Czochralski (CZ) [5, 6], Heat exchanger 

method (HEM) [7] Kyroupolos (KY) [4] and pulsed laser 

deposition (PLD) [8, 9].  

More recently there has been intense interest in using 

the micro-pulling-down method for the growth of shaped 

crystals fibers in a wide variety of domains, especially for 

laser, medical and optical application [10, 11].  

The geometry, the shape and the quality of crystals 

play an important role in the choice of the growing 

technique [10]. We chose to study the micro pulling down 

technique because it allows the growth of stable high 

quality shaped crystals than the other comparable 

complex techniques [10]. In fact, it allows the control of 

the thermal gradient, the use of high pulling rates and high 

possibility to get stable shaped crystals [12]. Furthermore, 

when the pulling rate is sufficiently high the segregation 

problem can be avoided [2, 12].  

The µ-PD technique now has become a major method 

for growing crystalline fibers of good quality [15] with 

controlled format imposed by the geometry of the 

capillary at the bottom of the crucible [10]. Because of the 

small amount of raw material, the µ-PD technique is used 

for research laboratories [2], especially to search for new 

materials.  

In this work we have performed a numerical 

simulation of the growing process with the micro-pulling 

down µ-PD technique. The theoretical analysis of this 

method for the growth of single crystal fibers of Ti doped 

Al2O3 is conducted using the mass, momentum, energy 

and solutal concentration conservation laws.  

The study of the problem is simplified to an 

incompressible flow of a viscous fluid in the molten zone 

governed by the Navier-Stokes, heat transfer and 

concentration equations under the Boussinesq 

approximation. We use a two-dimensional axisymmetric 

model discretized using a Finite Volumes Method (FVM) 

in cylindrical coordinates system(r, z�.  
The next section summarizes the growth conditions 

using the micro-pulling down technique. In Section 3 we 

present the mathematical formulation of our model that is 

the governing equations, the boundary conditions and the 

numerical scheme used in our simulations. Section 4 is 

devoted to the results and discussion, followed by 

conclusions in section 5. 

2222....Growth conditions Growth conditions Growth conditions Growth conditions     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1 : Schematic diagram of domain of µ-PD. 

The system to be modeled is sketched in Fig.1;  the 

raw material (red color) in the crucible was heated until 

melting by using RF (Radio frequency) heating furnace 

[11]. The micro-pulling-down µ-PD uses a capillary die for 

the growth of shaped crystals. 

 

 

Fig.2. Ti doped sapphire fibers. 
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The growth is generated by the connection of the seed 

(blue color) with the drop at the bottom of the capillary 

die in the crucible. In Fig.2, we present titanium-doped 

sapphire crystal fibers along [0001] direction, for different 

pulling rates [19]. 

In order to perform the growth in steady conditions, 

many growth conditions have to be satisfied: Firstly; In 

order to grow the fiber with a constant diameter, the 

growth angle constraint needs to be specified [13]: ,-.,/ = − tan45 																																												(1� 
     As shown in Fig. 3, �� is the radial distance of the free 

surface, and  7
   is the growth angle determined by 

crystallographic orientation and specified by the crystal-
liquid-vapor triple junction [10].   

 

 
 
 
 
 
 
 
 
 
 

 

Fig.Fig.Fig.Fig.3333:::: Zoom in the molten zone. 

The crystal shape should be controlled by the shape of the 

meniscus (i.e., the   7 = 7
  requirement) [14].  

In our case, for sapphire  7 = 7
 = 89
 in the growth 

direction [0001] [12, 15]. 

The pulling is conducted down with controlled speed; 

equation (:� describes the relationship between the radius 

of the capillary, the radius of the crystal and the pulling rate 

[10]. 

;.<=>?,=>?@ = ;=,=@<= 																			(2� 
This equation states out the mass conservation between the 

inlet in the capillary and the outlet at the bottom of liquid-

solid interface. The fundamental parameters involved in the 

micro-pulling down method [10] are:  

the growth velocityBC, the flow velocity at the capillaryBCDE, 

the crucible radius at the bottom ��, and the radius of the 

crystal  �� = �� :⁄  ; while �� and ���� are the diameters of 

the growing crystal and the capillary respectively (fig.4).  

The other parameter is the molten zone height; the 

relationship between these three parameters is theoretically 

given in [10] by: 

F = -= cos45 Jcsc K -L-=cos45M − csc K 1
cos45MN (3� 

The most important parameter determining the quality and 

uniformity of the obtained crystals [11] is the shape of the 

molten zone; where its meniscus profile, is given in [10, 16] 

by: 

/(P� = -= cos45 Jcsc K -L-=cos45M − csc K P
-=cos45MN					(4� 

Where r is the radial distance from the growth axis:  

-= ≤ P ≤ -L 

3333. Mathematical formulation. Mathematical formulation. Mathematical formulation. Mathematical formulation    

The computational domain is presented in figure 4. 

In order to reduce the CPU time we can ignore the melt 

height ��(from( = 
) in the crucible [17].  

The calculation domain starts at the top of the capillary tube 

at	S���,as shown in the schematic diagram of Fig.4. This is a 

good approximation provided that we include the melt 

height ��into account for meniscus calculation [17]. 

 

 
 
 

 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4: Schematic diagram of the computational domain. 
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3.1 Governing equations 

The melt is assumed incompressible and Newtonian, while 

the flow is laminar. Dimensionless variables are defined by 

scaling lengths by  �� , velocity by   �� ��⁄ , temperature by 

the melting point �� , and concentration by T
, where  ��  
is the thermal diffusivity of the melt [17].  

Because of the cylindrical symmetry of the problem, we have 

used a two dimensional axisymmetric model. The flow, the 

heat and the mass transfer are modeled by the dimensionless 

differential equations:  

Equation of  radial component of the momentum: 

UV
UW + V UVUP + < UVU/ = 

−UY
UP + ZP UP K

1
P
U
UP (PV�M + ZP U

U/ K
UV
U/M (5� 

Equation of axial component of the momentum: 

U<
UW + V U<UP + < U<U/ = −UY

U/ + ZP U
UP K

1
P
U
UP (P	<�M + 

ZP U
U/ K

U<
U/M − ZP-\]^ +	ZP

@
_` -\ab																							(6� 

Conservation equation:  

U;
UW +

1
P
U(P;V�
UP + U(;<�

U/ = 0																																										(7�	 
Energy equation: 

P U^UW +
U
UP (PV^� +

U
U/ (P<^� = 

U
UP KPfg

U^
UPM +

U
U/ KPfg .

U^
U/M 																	h = (i, `�						(8� 

Dopant concentration equation: 

P UbUW +
U
UP (PVb� +

U
U/ (P<b� 

= Zk_` J
U
UP KP

Ub
UPM +

U
U/ KP

Ub
U/MN (9� 

       Fig.5 shows the mesh grid which has been used to solve 

numerically the above equations. The physical domain in 

axisymmetric cylindrical coordinates (r,z) was subdivided 

into a finite number of contiguous volumes (CV) of volume 

V ,which are bounded by cell faces located about halfway 

between consecutive nodal points. This subdivision has been 

used for tow phase of sapphire (i=m for the melt, i=c for the 

crystal.)  

 

 
Fig. Fig. Fig. Fig. 5555:::: A portion of a sample mesh for calculation. 

 

3.2  Boundary conditions 

It is assumed that the solute is uniformly distributed in the 

melt reservoir and its concentration is T
 ; also the solute 

diffusion in the solid phase is neglected[18]. These governing 

equations with their associated boundary conditions are 

discredited by a finite volume method (FVM). We present 

below a detailed description about the boundary conditions 

simulations as the reference [17]. 

 

3.2 .1 Boundary conditions at the symmetric axis 

In our two dimensional axisymmetric model the boundary 

condition at the symmetric axis for the physical quantities is 

set as follows: 

�m
�� = 
 

In the above equations, m is the physical propriety 

(velocitiesn,	B, temperature �, concentrationT). 

At the other boundaries the conditions were set for each 

physical quantity as follows: 

 

3.2 .2 Temperature boundary conditions 

- At the top entrance the temperature was set by the radio 

frequency generator. It’s about∆� ≈ :
 to"
K above the 

melting point of sapphire. 

^ = .̂ + ∆^																																								(10� 
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-At the material surface, the heat transfer from the system to 

the ambient is controlled by convection according to the 

energy balance along the material surface:  

q. rg∇ttu^ = −vh(^ − >̂�																									(12� 
Where  w is the unit normal vector on the melt or crystal 

surface pointing outwards; ��  is the ratio of thermal 

conductivity of phase 		�  to the melt; where ( � =
�(��x%�, � = �(��yz%�x� and 	�� = ���/��  is the Biot 

number. In this study the ambient temperature �� is set to 

be a constant. 

- At the end of the fiber ( = {  using the fixed-temperature 

boundary condition, i.e.  � = �� .  

 

3.2.3 Velocity boundary conditions 

-The radial and axial velocities at the top entrance are given 

as follows: 

& = &
 = 
 

' = '��� = K|�|�M }
������~

:
'�(8"� 

Where BC  is the growth velocity, and  BCDE  is the flow 

velocity in capillary channel 

-At the wall inside the capillary, 

& = 
 

' = 
 

- In the free surface, the two components of the velocity are 

deduced from Marangoni convection; where the tangential 

stress balance is required: 

 q�: W = �\(�. ∇^�																																	(14� 
Where z  is the unit tangent vector at the free surface,  ��  

is the Marangoni number and � the shear stress tensor. 

- In the crystal, velocity boundary condition is: 

' = '� 
3.2.4 Solute concentration boundary conditions 

At the top entrance �( = −S���� , the solute boundary 

condition is given by the solute flux balance: 

�u�. ∇ttub = K_`ZPMZ�.(b − 1�																																			(15� 
Where �(   is the unit vector along the z axis, and �T is the 

gradient of the concentration. 

-The Neumann condition is imposed at the melt/crystal 

interfaces: 

qtu. ∇ttub = JK;=;.M − �N K_`ZPM Z�=b(q. ���																(16� 

Where �  is the segregation coefficient according to the 

phase diagram, and �ttu is	 the	 unit	 normal	 vector	 at	 the	
growth front pointing to the melt,��� = '���/��   and  ��� = '���/�� are	 the	 Peclect numbers of the melt and 

crystal respectively. 

4444. Results and . Results and . Results and . Results and DDDDiscussioniscussioniscussioniscussion    

In this study, we have fixed the concentration of titanium 

in the melt to 0.1 at% [19].  

The physical properties of Ti
3+

: Al2O3 [15, 18 and 19] and 

some input parameters [17, 19] for calculations are listed 

in Table 1:  

 

Table 1 

 
Physical properties 
 	�� = 8"

			(� ���⁄ � 
	�� = 9��(� ���⁄ �. 
 = � × 8
��(�: /z� 
�� = 89. �								� ��⁄  

�� = ". �									� ��⁄  

�� ��⁄ = (−". �� × 8
�����8��8 

�� = 
.
�9�			�� �z⁄  

�� = :":"																� 

∆S = 8. 8 × 8
��/�� 

�� = 8. � × 8
����8 

|� = "��
									��/�" 

|� = "�

								��/�" 

� = 8 

7
 = 89
 

 
Input parameters 
 -= = 0.3 − 1	ii 

	-=>? = 0.27 − 0.5	ii 

-L = 0.57 − 2	ii 

b5 = 0.1 − 0.2	\W% 

<= = (0.3,			0.5,			0.8		\q,	1�ii ihq⁄          
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4.1 Effect of the pulling rate 
 
4.1.1 The axial pulling rate 
 
Our simulation focuses on the effect of the pulling rate on 

the homogeneity of titanium concentration along the 

growth fiber axis (radial and axial axis). 

First, we present the axial distribution of Ti
3+ 

concentration 

in the sapphire crystal fiber for different pulling rates; 

these results are illustrated in Fig.6.  
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0.9

1.0  0.3 mm/min
 0.5 mm/min
 0.8 mm/min
 1 mm/min

C
/C

0

Fiber long Z(10mm)  

FigFigFigFig....6666:::: Titanium distribution along the axis of the sapphire 

fiber a function of pulling rate. 

 

      According to these results (Fig.6), we noticed that the 

longitudinal distribution of the Ti
3+

 remains homogeneous 

along the axis of the fiber even for relatively high pulling 

rates compared to other growth techniques [2].  

The high pulling rate is one of the favorable conditions 

for axial homogeneous dopants distribution for the micro-

pulling-down growth technique [12]. This result is in good 

agreement with experimental results of the dopants axial 

distribution reported in Fig.7. 
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Fig.7: Titanium distribution along the axis of the fiber. 

Experimental: A. Laidoune. 

     Experimental results in Fig.7 show the homogeneity of 

Ti
3+

 along the longitudinal fiber direction for different 

pulling rates [19]. This result confirms the validity of our 

two-dimensional axisymmetric finite volume model. 

 

4.1.2 The radial pulling rate 

In figure 8, we present the radial distribution of Ti
3+

 for 

different pulling rates. 
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FigFigFigFig....8888:::: Ti radial distribution for different pulling rate. 

      According to these results (Fig.8), we observed that the 

radial distribution of Ti dopants gather around the axis of 

the fiber. Thus there is no segregation towards the 

periphery. This result remains true for relatively high 

pulling rates. Therefore these results confirm that the size 

and the geometry of the µ-PD growth technique helps to 
avoid the segregation of titanium towards the periphery of 

the fiber despite the high pulling rates used for this 

technique compared with other methods [1, 2].  
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FigFigFigFig....9999: Luminescence measurements showing the titanium 

radial distribution. 

      Fig.9 presents the radial micro luminescence results 

that show the gathering of Ti
3+ ions in the core of the fiber 

than in the periphery; the radial distribution is suitable as 

an amplifying medium for the design of fiber lasers [19]. 
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4.2.3 The    variation of titanium concentration versus 

the  pulling rate  
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Fig.Fig.Fig.Fig.10101010:::: The concentration of titanium in the fiber as a

function of the different pulling rate for three

fiber. 

    Fig.10 shows the longitudinal homogeneity of the 

concentration of titanium along the fiber axis in good 

agreement with the experiment results obtained from the 

luminescence measurements of Fig.11 [19]: 

Fig.Fig.Fig.Fig.11111111: Luminescence measurements showing

concentration of dopants in three parts of

function of the different pulling rate . 

4.2 The melt/crystal interface shape 

      The quality of the crystals and single crystal fibers is 
governed by many factors, citing the dynamics of 
drawing, the thermal transfer, effect of convection
the geometry of the melt/crystal interface.  
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thermal transfer, effect of convection, and 
 

The melt/crystal interface 

for the quality of the crystal fiber drawn. The shape of this 

interface is essentially determined by the heat transfer in 

the growing system [20]. 

FigFigFigFig....11112222:::: Temperature contour plot showing the melt/crystal 

interface.

      Fig. 12 shows the t

transfer) in the growth system

and the red color is the sapphire

results, the melt/crystal interface 

has almost a flat shape an

the experiment observation

interface shape is very important since it shows that 

drawing conditions are very stable.

4.3 Effect of growth angle on the height of the molten 
zone 
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The melt/crystal interface shape plays an important role 

for the quality of the crystal fiber drawn. The shape of this 

interface is essentially determined by the heat transfer in 

 

Temperature contour plot showing the melt/crystal 

interface. 

shows the temperature contour plot (heat 

in the growth system. The blue color is the solid 

sapphire melt. According to these 

t/crystal interface for the µ-PD technique 
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drawing conditions are very stable.   
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       The meniscus shape is mainly affected by the 

capillary shape and the melt height [17]. In this part we 

have studied the effect of the growth angle on the 

meniscus shape also on the height of the molten zone on 

the meniscus shape and on the height of the molten zone. 
Fig.13 shows the calculated meniscus shapes for different 

growth angle: (11°, 17°, 30°, 45°, 60° 80°). 

     We noticed that the height of the molten zone 

decreases when the angle of growth increases. As results 

the decrease or the increase of the meniscus height causes 

an increase or decrease in the diameter of the fiber [19], 

and this affects on the quality of the drawn fiber. 

4.4 Effect of the geometry of the µ-PD technique on the 
segregation problem 

 

 

Fig 14: Presentation of streamline in the µ-PD technique. 

      According to Fig 14, we notice that there is no flow 

near the free surface and the wall (blue color). This is one 

of the advantages of this method over other growing 

methods  It is related to the small dimensions (mm, µm) 

involved in the micro pulling process.  

     So the size of the micro-pulling down avoids and 

minimizes the segregation problem of the  dopants  towards 

the periphery.  Because the laser beam passes in the axis 

of the fiber, this result show that the use of this technique 

reduces significantly the segregation towards the periphery 

of the fiber making the large concentration of Ti
3+

 in the 

center of the core of the fiber where it is needed. 

     In fact the experimental and the simulation results 

show that the micro pulling down geometry helps to avoid 

the dopants’ segregation which is great advantages to pull 

performed materials single crystals fiber with good optical 

and thermal properties. 

 

 

    5.5.5.5. ConclusionConclusionConclusionConclusion    

In this work we have established a two-dimensional 

axisymmetric finite volume model (FVM) in cylindrical 

coordinates to study the growth of Ti: Al2O3 material by 

the µ-PD technique. This study shows: 

- With other growing techniques we usually observe the 

segregation of the dopants towards the periphery. 
Whereas for the micro pulling down technique we 

showed that the dopants distribution of Ti
+3

 is 

homogeneous whatever the pulling rate and there is no 

segregation towards the periphery. 

- The longitudinal mass transfer (longitudinal distribution 

of the Ti
3+

) remains homogeneous along the axis of the 

sapphire fiber even for relatively  high pulling rates; this 

homogeneity gives a material with a  good  optical and 

thermal quality for several applications [19].  Our results 

are in good agreement  with experimental results that show 

that the obtained fibers have a good morphological and 

optical quality [19].  

- The radial mass transfer of titanium increase in 

the  crystal drawn when the pulling rate increases.   

- The heat transfer gives information on the shape of the 

melt/crystal interface;  which plays an important role for 

the optical and  thermal quality of the material drawn.   

- The size and the geometry of the crucible and the 

pulling rate minimize the segregation problem of the 

dopants to the periphery of the fiber. This is due to the 

fact that the dopants do not have enough time to migrate 

to the periphery during the growth. 

- Our results are in good agreement with the experiment 

that show that the obtained fibers have a good 

morphological and optical quality and. This agreement 

shows the validity of the two-dimensional axisymmetric 

finite volume model.  

Therefore, for the micro pulling down (µ-PD) method, 

the results obtained are important for laser applications. 

Indeed, for other growth methods such as Czochralski [6], 

it is not easy to avoid the problem of segregation to the 

periphery, whereas the micro pulling down promotes the 

gathering of impurities towards the axis of the fiber 

making a good overlap with the laser beam when the 

material or the fiber is used as amplifying medium in a 
laser. 
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