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A B S T R A C T 

A new refined hyperbolic theory taking into account the transverse shear effect is 

proposed to analyze the static behavior of thick plates in functionally graduated 

materials (FGM). The proposed model uses a new displacement field using only four 

unknowns determining the equilibrium equations, using the Hamilton principle. This 

theory contains only four variables unlike other plate theories. The nullity of transverse 

shear stresses at the upper and lower surfaces of the plate is satisfied in this model. 

These material properties of the FGM plate vary according to a distribution of the power 

law in terms of volume fraction of the constituents; one can conclude that this theory is 

effective and simple for the analysis of the static response of the FGM plates. 

 

1 Introduction 

Functionally graded material (FGM) is a special combination of ceramics and metals designed to endure high thermal 

environment and to provide stiffness to the host structure. Volume fraction and material properties of such materials are 

continuous and smooth along the direction under consideration. Abrupt change in the elastic properties and thermal 

coefficients in the composite laminates results in high interlaminar stresses leading to delamination. FGM is a better 

alternative to the composite laminates because of a gradual change in their elastic properties, particularly along the 

thickness direction. Koizumi [1] proposed the concept of FGM, which was initiated by material scientists in the Sendai area 

of Japan [2]. FGM sandwich structures in the various fields of aerospace, marine and civil construction have seen 

increasing use given the very high strength / weight ratio. Understanding the static and vibrational behavior of these 
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sandwich structures becomes an important task. Some researchers have studied the bending, buckling and free vibrations of 

the FGM plates using plate theories. The classical plate theory (CPT) is the simplest of the deformation and it supposes a 

plane normal to the median plane before folding remains flat and normal after folding. He neglects the effect of all 

transverse constraints and is less precise. Therefore, it gives accurate results for thin plates only. Feldman and Aboudi [3], 

Javaheri and Islami [4] then Chi and Chung [5] have obtained static response of FGPs using CPT. The disadvantage of CPT 

was overcome by first-order shear deformation theory (FSDT) proposed by Reissner [6] and Mindlin [7] which considers 

the effect of transverse shear strain. This theory does not satisfy boundary conditions without stress on the plate surfaces 

and requires an arbitrary shear correction factor. The FSDT theory to study the mechanical behavior of the plates has been 

used by many authors [8-11]. The first theories on shear deformation have been proposed by Reissner [12] and Mindlin [7]. 

Mindlin's theory assumes that displacement varies linearly over the thickness of the plate. This theory requires a correction 

factor to satisfy the conditions of free transverse shear stress on the upper and lower surfaces of the plate. Different models 

have been developed to analyze the static and dynamic behavior of these structures in FGM. Higher order shear 

deformation (HSDT) theories have been proposed to eliminate the use of the shear correction factor to overcome the 

limitations of FSDT. These theories use higher-order terms in Taylors' development of displacements in the FSDT. These 

theories are based on the variation of displacement across the thickness of the plate using Reddy polynomial functions [13] 

or non-polynomial functions Touratier [14], the hyperbolic theory of Soldatos [15] or an exponential theory developed by 

Karama et al. [16]. 

Zenkour [17] did a complete study to analyze the static response of FGM sandwich plates subjected to a sinusoidal load 

using different plate theories. The free vibration of FGM sandwich rectangular plates with simply supported and clamped 

edges using the Ritz method has been investigated by Li et al. [18]. Subsequently Zenkour and Alghamdi [19] developed a 

unified shear deformable plate and performed thermoelastic bending analysis of FGM sandwich plate.   

In recent years, many researchers have studied the effect of stretching thickness on FGM structures [20-27]. A new 

hyperbolic shear deformation theory for bending and free vibration analysis of isotropic, functionally graded, sandwich and 

laminated composite plates has been proposed by Mahi et al. [28] and Merdaci [29]. 

In the present study, the development of a new refined hyperbolic theory taking into account the transverse shear effect 

is proposed to analyze the static behavior of thick plates in functionally graduated materials (FGM). Three common types 

of FGM sandwich plates  namely, isotropic FG plates (Type A)  ,sandwich plates with FG core (Type B) and sandwich 

plates with FG faces (Type C) are considered. 

2 Theoretical Formulation 

2.1 Geometrical configuration 

A rectangular plate made FGMs whose geometry and dimensions (length a, width b and uniform thickness h) are 

shown in figure 1 a transverse mechanical load at the top area and a compressive load in the mid-plane  are applied subject 

to plate. Three types of FG plates are considered in this study 

 

Fig. 1 – Geometry of rectangular FGM plates [30]  
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Type A: plate is made of metal on its bottom surface and ceramic on the top surface (Fig. 1b) .Ceramic has a volume 

fraction Vc varying as following: 

V�(z) = �
����

��
�
�

 (1) 

Type B: sandwich plates with FG core (Fig. 1c): this type of core is made on the underside of metal and on the upper 

side of ceramic. The vertical positions of the bottom and top surfaces, and two interfaces between the layers are designated 

 By  h� = −
�

�
, h1, h2, h� =

�

�
 respectively. h1, h2 vary according the thickness ratio of layers. The volume fraction functions 

of ceramic phase ��
�
 defined by: 

��(�) = 0 ���  � ∈ ⟦ℎ�,ℎ�⟧ 

��(�) = (
���

��_��
)� ��� � ∈ ⟦ℎ�,ℎ�⟧                                                                      (2) 

��(�) = 1 ���  � ∈ ⟦ℎ�,ℎ�⟧ 

Type C: it is sandwich plates with faces FG: The faces of these types are gradually made up of a metal towards a 

ceramic. Isotropic ceramics constitute the core.The volume fraction functions of ceramic phase ��
�
 defined by: 

��(�) = (
z − ℎ�
ℎ�_ℎ�

)�  ���  � ∈ ⟦ℎ�,ℎ�⟧ 

��(�) = 1  ,���  � ∈ ⟦ℎ�,ℎ�⟧                                                                                                     (3)      

��(�) = (
z − ℎ�
ℎ�_ℎ�

)� ,���  � ∈ ⟦ℎ�,ℎ�⟧ 

The variation of ceramic material through the plate thickness for (1-2-1) sandwich plate of Type B and sandwich plate 

of Type C are represented respectively in figures 2a and 2b 

 

Fig. 2– Sandwich plates for several power-law index p  

3 Kinematics and Strains 

In this study, further simplifying supposition are made to the conventional HSDT so that the number of unknowns is 

reduced. The displacement field of the conventional HSDT is given by: 

u(x.y.z) = ��(�,�) − �
Ә��

Ә�
+  �(�)�(�,�) 

v(x.y.z) = ��(x.y) −  z
Ә� �

Ә�
+  �(�)�(�,�)                                                                       (4) 

w (x.y.z) = ��(x.y)  



 R E C U E I L  D E  M É C A N I Q U E  V O L . 6  N ° 1  ( 2 0 2 1 ) 5 6 0 – 5 7 2  563 

 

The function f(z) is given by: 

�(�) = sinh(�) −
�

�
��cosh (

�

�
)                                                                                          (5) 

Where u, v, w, � are displacements of the medium fiber of plate and f(z)  indicates the function of the shape 

determining the distribution of transverse shear deformations and stresses in the direction of thickness. Equations (4) can be 

written in compacted form: 

�= �(�) + ��(�) + ��(�)   and  � = ��(�)                                                                                      (6) 

Where g=df/dz, �(�), �(�), �(�) and �(�) are respectively the deformations of membrane, curvature and transverse 

deformation. These equations are related to the displacement field of equation (4) as follows: 

ε(�) = �

ℇ�
(�)

ℇ�
(�)

γ��
(�)

�=

⎩
⎪
⎨

⎪
⎧

���

��
���

��

���

��
+

���

�� ⎭
⎪
⎬

⎪
⎫

                            (7a) 

ε(�) = �

ℇ�
(�)

ℇ�
(�)

γ��
�

�= 

⎩
⎪
⎨

⎪
⎧−

��� �

���
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��� �

���

−
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����⎭
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⎬

⎪
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                                                              (7b) 
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γ��
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⎪
⎬

⎪
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                            (7c) 

�(�) = �
���
(�)

��
(�)
�= �

��
��
�                                                                    (7d) 

4 Kinematics and Strains 

Hamilton’s principle is used herein to derive the equations of motion. The principle can be stated in analytical form as: 

∫ (��
�

�
+ ��)��= 0                                                                   (8) 

Where ��  the variations of strain energy, �� the variations of work done of the plate. The variations of strain energy are 

given by: 

�� = ∫ ∫ �������� + ������� + ������� + ������� + ������������
�

�

�
�

�
�

=∫ [���
����

���
−  � ��

���� �

�� �
+  

���
����
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+ ���
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��
− � ��

���� �

���
− ���

����

��
+ ��� �
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+

����

��
�− 2� ��

���� �

����
+ ��� �

����

��
+

����

��
�                        (9) 

+����� + �����]�� 

 

Where N, M, R and Q are the resultants of the constraints defined by: 

�N��,N��,N���= ∫ (��� ,��� ,
� �⁄

�� �⁄
���)��                                                                 (10a) 

�M ��,M ��,M ���= ∫ �(��� ,��� ,
� �⁄

�� �⁄
���)��                                                                                  (10b) 

�R��,R��,R���= ∫ �(��� ,��� ,
� �⁄

�� �⁄
���)��                                                                (10c) 

�Q�,Q��= ∫ �(��� ,���
� �⁄

�� �⁄
)��                                                               (10d) 

The variation of the work is given by: 

�� = ∫ �����
��                                                                   (11) 
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Substituting equations (9) and (11) in equation (8), integrating into parts and collecting the coefficients ���, ���, ���, and 

���,we obtain the equations of motion: 

�u� =
����

��
+

����

��
= 0                                                                  (12a) 

�ϑ� =
����

��
+

����

��
= 0                                                                   (12b) 

                                             ��� = 
�����

���
+ 2

�����

����
+

�����

���
+ q = 0                                                         (12c) 

��� =
���� 

��
+

���� 

��
+

���� 

��
+

���� 

��
− �� − �� =0                                                        (12d) 

The material properties of the layers of the FGM plate related to the law of force are expressed by: 

�(�)(�) = (�� − ��)��
(�)

+ ��                                                      (13) 

Where Pc and Pm are the Young’s modulus (E), Poisson’s ratio (), mass densities () of metal and ceramic materials, 

respectively. For elastic and isotropic FG plates, the constitutive relations can be written as: 

�

���
���
���

�= �

��� ��� 0
��� ��� 0
0 0 ���

��

���
���
���

�                                                 (14a) 

�
σ��
σ��

�= �
c�� 0
0 c��

� �
γ��
γ��

�                                                 (14b) 

Where: 

���(�) = ���(�) =
�(�)

���(�)�
 ;          ���(�) = �(�)���(�)                                                          (15a) 

 ���(�) = ���(�) = ���(�) =
�(�)

�(���(�))
                                             (15b) 

Substituting Eq. (7b) into Eq. (14a) and the subsequent results into Eqs. (10a), (10b) and (10c), the stress resultants are 

obtained in terms of strains as following compact form: 

�
�
�
�
�= �

� � ��

� � ��

�� �� ��

��
�(�)

�(�)

�(�)
�                                            (16) 

 

Where �,�,�,��,��,�� are the stiffnesses of the FGM plate given by: 

(�,�,�,��,��,��) = ∫ (1,�,
� �⁄

��/�
��,�,��,��)�(�)��                                      (17) 

The transverse forces can be calculated from the constitutive equations by replacing Eq. (7b) into Eq. (14b and the 

subsequent results into Eq. (10d). The transverse forces can be written as follows: 

�
��
��
�= �

���
    �  0

0 ���
    �  � �

���
(�)

���
(�)�                                                   (18) 

In the compact form   Eq. (18) can be reduced as follows: 

� = ����                                                            (19) 

Where   � 
�  are the shear stiffnesses of the FGM plate given by: 

��� 
    �  = ���

    �  = ∫ ��(�)���(�)
�

�

�
�

�

 �� = ∫ ��(�)  ���(�)
�

�

�
�

�

 ��                              (20) 

Substituting Eq. (16) and Eq. (19) into Eq. (12), the equations of motion can be expressed in terms of displacement (��, 

v�,�w � , �θ�)  as follows: 
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� ��(�,�) = 0             (21d) 

5 Analytical solutions of a simply supported FGM plates 

The Navier solution is used to obtain the analytical results. Displacements are presented as the product of known 

trigonometric coefficients and functions to satisfy the equations of motion as well as boundary conditions 

��(�,�,�) = � ���� cos�� sin���
���

�

���

�

���

 

��(�,�,�) = ∑ ∑ ��� sin�� cos���
����

���
�
���                                                 (22) 

��(�,�,�) � ���� sin�� sin���
���

�

���

�

���

 

��(�,�,�) = � ���� cos�� sin���
���

�

���

�

���

 

Where =
��

�
 , � =

��

�
 are the pulsations and � is the frequency of the free vibration of the plate  and √�=-1 imaginary unit. 

The transverse load q is also expanded in the double-Fourier sine series as: 

 
�(�,�) = ∑ ∑ ��� sin�� sin��

�
���

�
���                                                       (23) 

 

Substituting equations (22) and (23) into equation (21), the analytical solutions can be obtained from 

⎣
⎢
⎢
⎢
⎡
��� ��� ���
��� ��� ���
��� ��� ���

���
���
���

��� ������ ���
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⎥
⎤

�

���

���

���

���

� = �

0
0
���

0

�                                                      (24) 
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6 Results and discussions 

In this section, various numerical examples are presented and discussed to verify the accuracy of the present theory is 

evaluated by carrying out static analysis. The material used is the combination of two metal and ceramic materials: Al / 

ZrO2 and Al / Al2O3. A wide range of convergence and comparison studies are taken up in order to evaluate the accuracy 

of the formulation. Parametric studies are then carried out to investigate the effects of different geometric parameters on the 

static behaviors of FGM plates and the same are discussed in subsequent sections. The mechanical properties of these 

materials are grouped in Table 1. 

Table 1 – Mechanical Properties of materials 

Material 
E 

 (GPa) 



(Kg/m3) 

Poisson’s 
ratio 


Aluminum (Al*) 70 2702 0.3 

Aluminum (Al) 70 2707 0.3 

Zirconia (ZrO2) 151 3000 0.3 

Alumina (Al2O3) 380 3800 0.3 

 

Numerical results are presented in terms of dimensionless stresses and deflection. The various dimensionless 

parameters used are: 

� � (�) =
100ℎ���
���

� �0,
�

2
,�� 

��� ����� (�) =
ℎ

��
��� �

�

2
,
�

2
,�� 

��� ����� (�) =
�

��
���(0,0,�)                                                                        (25) 

��� ����� (�) =
ℎ

��
��� �0,

�

2
,�� 

� ��� (�) =
10ℎ���
���

�(
��

2
,
�

2
) 

6.1 Application 1: 

In this application, we consider a square plate FGM type A; In table 2 the results obtained from the present theory of 

arrow and stresses are compared for results obtained by the hyperbolic [31] and trigonometric theory [30]. 

Table 2 – Comparison of displacements and stresses for a square plate FGM (h/a=10; Type A) 

p Theory 
� (−

�

�
) 



�
 

���(
�

�
) 

 

���(−
�

�
) 

 

���(
�

�
) 

 

1 

Present 0.6413 0.5889 1.5164 0.6226 0.2607 

[31] 0.6413 0.5889 1.5164 0.6226 0.2607 

 [30] 0.6413 0.5890 1.4892 0.6111 0.2611 

[32] 0.6626 0.5889 1.4894 0.6110 0.2622 

 Present 0.8983 0.7572 1.4283 0.5546 0.2737 

2 [31] 0.8983 0.7572 1.4283 0.5546 0.2737 

  [30] 0.8982 0.7573 1.3959 0.5442 0.2742 
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 [32] 0.9281 0.7573 1.3954 0.5441 0.2763 

 Present 1.0501 0.8814 1.2158 0.5805 0.2537 

4  [31] 1.0501 0.8814 1.2158 0.5805 0.2537 

  [30] 1.0500 0.8816 1.1792 0.5669 0.2742 

 [32] 1.0941 0.8819 1.1783 0.5667 0.2580 

 Present 1.0750 0.9846 0.9787 0.6036 0.2088 

8 [31] 1.0750 0.9846 0.9787 0.6036 0.2088 

  [30] 1.0759 0.9746 0.9473 0.5857 0.2094 

 [32] 1.1340 0.9750 0.9466 0.5856 0.2121 

 

The variations of the arrow as well as the normal stress and the tangential stress according to the thickness are shown in 

Figures 3a to 3d. The values of the maximum normal stress increases with p while there appears minimal compression 

stresses located at inside the plate for some values of p (p≤1). The maximum value of stress tangential is located in the 

middle of the plate and tends to move slightly towards the upper surface compared to p. 

 

Fig. 3a –Variation of the dimensionless normal stress  σ�������  respect the report (z/h) for a/h=10 

 

 

 

 

 

Fig. 3b –Variation of the dimensionless arrow  w��� respect the report (z/h) for a/h=10 

 

 

 

 

 

Fig. 3c –Variation of the dimensionless shear stress  σ�������  respect the report (z/h) for a/h=10 
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Fig. 3d–Variation of the dimensionless shear stress  σ�������  respect the report (z/h) for a/h=10 

6.2 Application 2: 

We will study the responses of a square plate in FGM (Al / Al2O3) type B (1-2-1) under a transverse sinusoidal 

loading. The results obtained are compared with those obtained from the hyperbolic and trigonometric model in the table 3. 

The results obtained are in good agreement with those of the other models [9][10][31]. 

Table 3 – Comparison of displacements and stresses for a square plate FGM (h/a=10; Type B) 

p Theory 
� (−

�

�
) 



�
 

���(
�

�
) 

 

���(−
�

�
) 

 

���(
�

�
) 

 

1 

Present 0. 3251 0.3736 1.4691 1.0024 0.2120 

 [31] 0. 3251 0.3736 1.4691 1.0024 0.2120 

 [30] 0. 3247 0.3744 1.4761 1.0130 0.2161 

 Present 0.6413 0.6301 1.5634 0.5526 0.2607 

2  [31] 0.6413 0.6301 1.5634 0.5526 0.2607 

  [30] 0.7337 0.6345 1.5691 0.5447 0.2733 

 Present 1.0501 0.8156 1.2623 0.5805 0.2537 

4  [31] 1.0501 0.8156 1.2623 0.5805 0.2537 

 [30] 1.0550 0.8331 1.2539 0.5614 0.2697 

 Present 1.0762 0.8814 1.0031 0.6086 0.2074 

8 [31] 1.0762 0.8814 1.0031 0.6086 0.2074 

  [30] 1.0798 0.8807 0.9258 0.5758 0.21982 

  

The variation of normal and tangential stress according to the thickness with different values of the index material p is 

shown in the figures 4a and 4b. 
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Fig. 4a –Variation of the dimensionless normal stress  σ�������  respect the report (z/h) for a/h=10 

 

 

 

 

 

 

Fig. 4b –Variation of the dimensionless shear stress  σ�������  respect the report (z/h) for a/h=10 

6.3 Application 3: 

We will study the responses of a square plate in FGM (Al / Al2O3) type C (1-2-1) under a transverse sinusoidal 

loading. The results obtained are compared with those obtained from the hyperbolic and trigonometric model in the table 4. 

The results obtained are in good agreement with those of the other models [9][10]. 

Table 4 – Comparison of displacements and stresses for a square plate FGM (h/a=10; Type C) 

p Theory 


�
 

���(
�

�
) 

 
���(�) 

 

1 

Present 0.1960 2.0157 0.2386 

Hyperbolic   [10] 0.1960 2.0157 0.2386 

Trigonometric  [9] 0.1959 1.9948 0.2358 

 Present 0.2709 1.3020 0.2526 

2 Hyperbolic [10] 0.2709 1.3020 0.2526 

 Trigonometric [9] 0.2708 1.2917 0.2505 

 Present 0.3026 1.4575 0.2584 

4 Hyperbolic [10] 0.3026 1.4575 0.2584 

 Trigonometric [9] 0.3027 1.4470 0.2564 

 Present 0.3348 1.6154 0.2651 

8 Hyperbolic  [10] 0.3348 1.6154 0.2651 
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 Trigonometric  [9] 0.3347 1.6045 0.2632 

 

The variation of normal and tangential stresses across the thickness is shown in Figures 5a and 5b. The maximum value 

of normal stress is located at level of the interfaces of the layers, against the maximum tangential stresses is located in the 

middle of the plate thickness. 

 

 

Fig. 5a –Variation of the dimensionless normal stress  σ�������  respect the report (z/h) for a/h=10 

 

 

 

 

 

 

 

 

Fig. 5b –Variation of the dimensionless shear stress  σ�������  respect the report (z/h) for a/h=10 

7 Conclusion 

A new, refined four-variable theory is proposed for static bending study of isotropic and FG sandwich plates. Three 

different types of FG plates are considered: FG plates, sandwich plates with FG core and sandwich plates with FG faces 

The results obtained by the present theory are in good agreement with the results obtained by the hyperbolic and 

trigonometric theories. 

The values of the maximum normal stress increases with p while there appears minimal compression stresses located at 

inside the plate for some values of p (p≤1). The maximum value of stress tangential is located in the middle of the plate and 

tends to move slightly towards the upper surface compared to p.         
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