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alculating gears were studied that were implemented in Excel spreadsheets [1-4]. With this, it is
intended to have a noti0® of the variation of the tooth-foot stresses and of the contact pressures of a gear if it is calculated in

different ways.

It was also studied the gear profile displacement and the propeller angle that were also applied to the spreadsheets.
Despite having rules that help in choosing the profile offset that should be used, some authors provide other methods to
calculate displacements. These worksheets collect a set of input data and provide all dimensions, tooth-foot stresses and
contact pressures of the gear pair.

The four main effects that can affect the propeller correction are the:
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e  Twisting of the shaft;

e Dbending of the shaft;

e bending of the tooth of the gear;

e  Movement of tooth surface of the gear due to contact pressure.

These effects can be separated into two lines: a more global one, which encompasses the displacements due to flexion
and torsion of the shaft, and the other focusing on engagement, which includes dislocations of the teeth in itself, such as
their flexion and displacement due to contact pressure. It is important to emphasize that all the displacements analyzed in
this paper are in the elastic regime and are therefore reversible.

No reference was found that addressed all of these effects so that each one will be discussed separately in this section
and then joined in section 2.

This lack of references was even one of the challenges of this work, as the correctig

geller is not widely

books such as references [1], [3-4] and even the German and American gear calculati i Idress the issue
directly. The usual in these references is the adoption of a propeller correction fact i i 2 Itiplied by the
load applied to the gear, in order to determine its resistance. Note that this proced e applied load,

increasing the size of the gears and therefore their cost.

Another commonly used approach is the adoption of a previously d i 1ts impact on gear contact
via finite elements, as represented in [8-12]. In addition, one of the w ignorefthe movement of the gears in

Other papers have been considered, but they are not explicitl e stress analysis, but rather on issues such
as "Determining the life of a gear through a computationa [14], "Impact analysis on finite element
meshing" by [15] or "Analysis of tooth contact stresse . essed by [16]. However, although not the
focus, these papers approach the subject superficially and g have an analysis base by FEM.

It can be noted that most of the literaturg e element method to analyze corrections in gears. The
second most commonly used approach is tQg@ and study its impact on gears, whether through the finite
element method, analytical methods : Other focuses of the literature are the study of noise,
transmission errors (vibrations) and

Finally, it is important to n Wrection must be calculated for the gearbox operating torque and not
for the maximum torque f icned. The propeller correction aims to avoid long-term effects on the
engagement such as "pitti i oot of the tooth. As the mechanism that governs these effects is fatigue

damage - load concentzati iged for most of the life of the equipment, that is, in its daily operation condition.

2 Analytical m¢

The development of the analytical model will be divided into several stages, in which the effect affecting the contact of
the gear will be studied.

2.1 Deduction of analytical formulas
The analytical model covers the four distinct effects of the gear, which are gear bending, gear torsion, gear tooth

bending and gear tooth displacement due to contact pressure.

The propeller correction can be calculated and machined on both gears. However, in order to reduce manufacturing
costs, the correction is only defined for the pinion, which has a lower number of teeth.

In this way, it is necessary to calculate the displacements of the crown flank in order to calculate later the propeller
correction of the pinion, that is, the displacement necessary for the pinion to maintain 100% contact with the logo of the
entire tooth profile when submitted to rated torque.
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In addition, the method takes into account that the load is evenly distributed throughout the tooth surface. This is valid
if the helix correction already exists. In this case, what is done is reverse engineering. Instead of calculating the load
distribution for each helix correction on the pinion and iterating to find the correction that ensures a perfect load
distribution, it is assumed that the distribution is perfect and the displacements in the gears are calculated. Thus, without
any iteration, it is possible to define the correction of the helix of the pinion. If it is interesting to discover the distribution
of the load on the teeth of the gear as a function of a given helix correction, reference [17] has a calculation methodology
for that.

2.2 Gear line equation

In possession of the involutive equation, it is necessary to find the gear line of each section of the gears. This line
contains all the points of the gear, from beginning to end. In this way, it is correct to affirm that the new point of

engagement, after the displacement of the axes and the gears, will be contained in this sa

However, this line will undergo a slight change due to the movements of the axegan e b, dxc, dyc).
This line can be determined according to the new center since it is tangent t ences of the pinion
and the crown. To define your equation, just find these two points of tange i the gear line can be

seen in Fig. 1.

It is possible to note that there is a similarity of triangles betwee in Figure 1. The detail of this
similarity of the triangles is recorded in Figure 2. From Figure 2

dx Variation of the center of the pinion .
Fpinion in uss
~.Basic circumfere
straight line
(e, VEL )
~

r "
LFOWIT I IS8

A

Fpase crown

O ' f

Figure 1 - Representation of the gear line Figure 2 - Detail of Figure 1, showing the similarity of the
triangles and the new working angle of the gear
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From (1), (2) and (3),

7 o+
a, = acos[ btlzse pinion base crown J ( 4)
distance between centers
Also, note that
A a+dy,)—dy
&, p = atan 2 atan w (6))
Ax dx, —dx,
With these equations, it is possible to determine the two points of tangency of the meshing line with the basic circles :
Point of contact with the crown
xt, = dxc * Thase crown €08 (aref - ) (6)
Y, = dyc * Thase crown Sin (are_/' - ) (7)
Point de contact with the pinion
xt, = dxp +rbasepl-nion.cos(7z+( (8)
ytp :a+dyp+rbasepinion's + aref_at) (9)
Where xt; and y#; are the points of tangency of the respective gears.
It is convenient, for the moment, to make the same chan i way, we must
xt o = ) (10)
pmion.cos(ﬂ+(awf —a,)) (11)
(12)
(13)
The equation of the line is
(14)

At this point, it is i
second system and wi

e a new change of coordinates: from Cartesian to Polar. The involute equation is in this
asier to solve if both equations are using the same system. In this way,

rsin(0)—yt', B rcos(0)—xt',

Al ' Al ' (15)
Yt , =yt xXt',—xt'.
In simple terms, we arrived at
t' —yt'
o (yy]
xt',—xt',
r(6)= (16)
t' —yt',
sin(@)—(ypycjcos(a)
xt',—xt',

The equation of the involution deduced above, which is

r(6’)=

m.z.cos (ao )

2.cos (inv_1 (90 - 6’))
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However, in this involute, the equation of the torsion of the crown gear, nor the displacement of its tooth due to its
flexion and the contact pressure, is not being considered. In this way, the starting angle of gear must be changed in the
equation above to compensate for these effects. As the torque applied by the pinion on the crown is counter clockwise and
the force that the pinion exerts on the crown is positive, this angle should be discounted from the equation above. Naming
this angle Ogispiacement crown » We have

=0

torsion pinion

+0,

ooth flexion

+0,

Hdisplacement crown displacement contact pressure ( 1 7)

m.z.cos ((ZO )

.1
2.cos (l}’l v (00 - edisplacement crown 9))

r(0)=
(18)

Given the engagement angle (6.,,) and hence the contact radius (7conacr), We can fing pntact in the original

coordinate system with the aid of equations

X, = dX, +Voppac-COS (Heng ) (19)
yc = dyc + rcontact .SiIl 9 (20)

These are the coordinates of the new contact point of the ¢ ogether with the coordinates of the new

center of the pinion, it is possible to find the new contact radi

Teontact pinion = (21)
The pinion offset angles for calculating the propel can be seen in Figure 3.
deformation pinion Working diameter
of pinion
Ocrom diameter
Figure 3 - Definition of the angles of displacement of the pinion
The angle of the pinion is

epinion =7+ 90 pinion Hdisplacement pinion econtact diameter (22)

The angle 6 pinion is determined by the equation below

g 7 7r+4.xpml-onpmﬁle.mn(a0)
0 pinion — E + 2

-z pinion (23)

The angle 04ispiacement pinion depends on the pinion twist and tooth displacement due to flexion and contact pressure.
Each component will be determined later.
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Finally, the Ocontact diameter 18

Mm.z.coSs (“0 )
Teontact pinion = .- (24)
2.cos (va (60 pinion ~ econtact diameter ))
) m.z.cos (ao )
gcontact diameter = 90 pinion — V| dCOS 2— (25)
Teontact pinion
So that:
) Mm.z.cos (ao )
epim'on =7+ 90 pinion gdisplacement pinion — 90 pinion +inv) acos| —————
Teontact pinio,
) m.z.cos (ao )
Hpinion = ”_adisplacement pinion +wmv|acos| ——— (26)
'rCOI’ll‘tht pin
With this contact angle for each section of the gear, it is possible to determjn n of the gear unit
taking into account the bending and twisting of the gears and the displacem ir flexion and contact
pressure.

The propeller correction may be better visualized in Figure 4 contact point of the gear is
marked to the center in Figure 4. In possession of the new lo ute of the crown is situated, and
possessed of the line, it is possible to calculate the new contact p (since the propeller correction is machined

in the pinion). With this point of contact, you can calculate the c

New pinion point

Figure 4 - Dete

The distance contact points is defined as the propeller correction of this gear and can be seen in

Figure 5.
2.3 Determination of displacements due to flexion

As a next step, it is necessary to determine the displacement of the shafts and gears depending on the external loads,
geometries and properties of the shafts.

The parameters used in the equations 2 and that have not yet been defined are:

- Value of new positions of gear centers;
- Value of the torsion angle for each gear.

To find these values another calculation methodology had to be developed. In this step, one must find the equation of
the elastic line of the axis as well as the twisting of each section. To do so, it was necessary to divide the axes into several
sections, each of which had a constant diameter.



JOURNAL OF MATERIALS AND ENGINEERING STRUCTURES 5 (2018) 123-135 129

This division can best be visualized in Figure 6.

Gear to be studied Fi .

mi
. mﬁﬁﬁ?ﬁﬁﬁﬁﬁﬁﬂﬂﬂﬁ?ﬁﬁﬁﬂﬂ
Bearing B i‘—‘rﬂ_ﬂﬁ“\

gi
LI PEDSD RS ] ]d]

o 17 5
"\ / >

Other Shaft Gears L

Bearing A

Figure 6 - Representation of the division of a generic axis  Figure 7 - Illustrag MW ed for each axle
into several sections of constant diameters

The bending equation of any axis is

27)
Since the axis is composed of a material with uniform modulus
(28)
However, the function ;) is discrete, not easily integ he entire domain. In this way, it is convenient to divide
the axis into regions of constant diameter as
Thus, for each region, the variable I,y i
(29)
The constants K; an. y are found as a function of the boundary conditions of the problem.
In this case, the bo ditiops are the reaction forces of the two bearings, the distributed forces of the "n" gears
(the model is gejg : any number of gears) and the displacements and clearance of the bearings.
Howevel@ e i e resolution of these equations, it is easier to assume that all sections of the axis are

subject to a m8 t force at its left end and to a force distributed in the section as shown in Figure 7. In

addition, a variablC@s introduced that, unlike, has zero value at the beginning of each segment of the axis.

In this way, the momen®im equation for each segment of the axis is

12
z
M. =M, +(F, +mi)+qi.7 (30)
Thus, the equation of the displacement of the axis is
Z'Z Zv3 Zv4
Mi' +(P}+ml) 6 +qi'7
yl(z) - El +Ki1‘Z,+Ki2 (31)

Further, it is known that the displacement at the end of a section of the axis is equal to the displacement of the beginning of
the next section, as well as the inclination angle of the elastic line. Like this

Vifz=t;) = Vin(z=0) @M Y'iizo1) =V () (32)
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Thus, one can arrive at the equations of the constants of each section of the axis

L2 L Lt
k. Ko 4K LM T (Fam) "y g
e B 2 6 24 33)
El,, Eliyy
L> L’
k. K A M.L+(F4m). T g
oy _ 2 "6 (34)
El, Eliy

After some mathematical treatment, one can deduce the following equation between generic sections (Figure 6) called
‘mm’ and ‘nn’, with nn >mm,

(35)

(36)

3 Results

3.1 Analytical model

After applying the an
possible to calculate the b orsion of the axis, as well as the bending and moving of the tooth due to the contact
pressure. The absol ters for the gear 1 are shown in Figure 8.

Significant deformations for
i the correction of helix (um)

2504 0 e, 757

................ 70

65

Do o7 PRPPRPIPRTEREREEELE LA 60-

Position X of the pinion (um) ’g 55+

+  Position Y of the pinion (um) = 50

= 150+ < pinion twist (um) 5 45]
g = Position X of the crown (um) g 40

1 Position Y of the crown (um) e .1

g 100 < crown twist (um) = 354

] S

g 25]

s 201

"8' 15

. xxxx XXX 104 —— (a) total displacement of the gear.
(| P L R R R R PR PP PR PP P R PR PR R PR PP 5] —— (c) only significant displacement for the analysis is relative.
4 — (b) displacement of rigid body
—— T 0+ (b) displacement relative
0 27 54 81 108 135 162 189 216 243 270 297 -5 T T T T T T T T T T
Length (mm) 0 20 40 60 80 100
Shaft length (%)

Figure 8 - Values of the flexion of the shafts and gears. Figure 9 - Significant displacements for helix correction.
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However, what is important for the helix correction value is the movements along the length of the gear, since a
parameter that does not move can be fixed by a rigid rotation of the body. For example: Assuming the total displacement
shown in Fig. 9a, it is possible to divide this displacement in two: that which can be corrected by rigid rotations of the body
(straight and thin line in Fig. 9b) and another relative which is important for helix correction (curved and coarse line in
Figure 9b). This is shown in Figure 9c.

Thus, Figure 10 shows only the relative displacement that should be taken into account for the calculation of the helix
correction.

By analyzing Fig. 10, it can be seen that only the pinion is displaced during the contact. The crown, diameter 3.8 times
larger than the pinion, has a moment of polar inertia 210 times greater. In this way, with respect to the same contact force,
it moves much less than the pinion. What happens is that the bending of the shaft on which the crown is mounted causes it
to align with the axis of the counterpart. The contribution of the bending and twisting of the yn axis in this case will be
linear while the correction of the pinion has a profile close to the parabolic.

In addition, a sensitivity analysis was made for the displacement of the teeth ducgo 1SN tact pressure.

The displacement of the toothing in the theoretical contact diameter has
varies with the data obtained in Fig. 8, it was found that there was no signi i 1 ovements due to their
flexion and contact pressure - the order of magnitude of this variation is
other parameters. Thus, since the relative variation of these paramete
the calculation of the helix correction of the cases analyzed in this worK.

Values of bending and torsion of shafts correction as a function of the gear width
and gears, excluding rigid body rotations

........

Position X of the pinion (um) oY

%1 + Position Y of the pini N L
J 4 pinion twist (um) e i ;)
304 Lennt v Position X of the cr¢ e LN
) . Position Y of the cr [ H
1 < crown twist (um) 2
B4 e B .
0] | I
g 204 g Literature model
= A € o = Software
§ 15 g 44 - Proposed analytical model
8 < '
> 2
10 B 0-
5 § -60
(R CLAOUPPIPIPIIIREy  APPPPR 70 . . . . . .
0 0 50 100 150 200 250 300
gear width (in mm)
Figure 10 - R torsion values of Figure 11 - Comparison of the helix correction of

the three models exposed (1 gearing).
The values found in thi®8ensitivity analysis are presented in Table 1.

Table 1 - Sensitivity analysis of bending and tooth movement due to contact pressure.

Theoretical Diameter Corrected Diameter Error (%)

Bending of the teeth of the pinion (pm) 5.11 5.13 0.39 %
Bending of the teeth of the crown (um) 18.32 18.41 0.49 %
Deformation due to contact pressure (pm) 13.937 13.938 0.01 %

The graphs shown in Fig. 11 show the thickness of material to be removed from the gear tooth along its width for the gear
1. Thus, greater correction implies greater mass shrinkage.
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The sign "x" shows the helix correction obtained with the commercial software. The initial value of the correction is 55
um, the zero value occurs in a width of approximately 160 mm and the final value of the correction, at the end of the tooth,
is 28 um.

The "+" sign shows the correction of the helix obtained with the analytical model proposed in the literature. The initial
value of the correction is 54 um, the zero value appears on a width of approximately 160 mm and the final value of the
correction, at the end of the toothing, is 28 um.

Finally, the signal "*" shows the correction of the helix obtained with the analytical model proposed in this paper. The
initial value of the correction is 60 pum, the zero value appears in a width of approximately 160 mm and the final value of
the correction at the end of the toothing is 30 um.

The graphs shown in Fig. 12 show the thickness of the material to be removed from the gear tooth along its width to
the gear 2.

The sign "x" shows the helix correction obtained with the commercial software. The he correction is

292 um, the value "zero" appears at the end of the toothing.

The "+" sign shows the correction of the helix obtained with the analytical ature. The initial

value of the correction is 293 pm, the value "zero" appears at the end of the to

Finally, the signal "*" shows the correction of the helix obtained wit
initial value of the correction is 315 um, the value "zero" appears at the e

posed in this paper. The

o correction as a function of the gear width

50 Software
i Literature model
Proposed analytical model
] -100
g |
5 -150 i
S ] ‘ff;X
g -200] "
= 4
K]
g -250 -
S 0-
-350 T T T T T T T T 1
100 150 200 250 300
% of the width
Figures 12 — correction of the Figure 13 - Comparison of the helix correction of the
three mode three models exposed (gearing 3).

The graphs shown in Figure 13 show the thickness of the material to be removed from the gear tooth along its width to
the gear 3.

The sign "x" shows the helix correction obtained with the commercial software. The initial value of the correction is
zero and is 238 um at the end of the toothing.

The "+" sign shows the correction of the helix obtained with the analytical model proposed in the literature. The initial
value of the correction is zero and is 244 pm at the end of the toothing.

Finally, the signal "+" shows the correction of the helix obtained with the analytical model proposed in this paper. The
initial value of the correction is zero and is 257 um at the end of the toothing. By analyzing Figure 11, Figure 12 and Figure
13, it is possible to visualize that the helix correction obtained with the commercial software is very similar to that obtained
with the model proposed in the literature. The values of the extremes of the corrections are similar and the maximum values
occur in the same length of the gear. This is an indication that the model used in commercial software may be the same as
in the literature, which considers only the normal displacements to the contact plane.
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However, considering the involute profile of the tooth, the model proposed in this paper, the helix correction increases.
As the bending of the gears is more pronounced at the ends of the teeth, the distance between the gears will also be greater
in this region. With this greater distance, the tangential displacements towards the contact become important, since the
separation between the gears increases. This factor is responsible for increasing the helix correction on these sites. The
percentage difference between models is about 8%.

This factor can be seen in Figure 14. Since the tangential displacement to the contact plane is neglected, it is assumed
that the profile of the tooth is a straight line. However, as we move away from the initial contact area, there is a separation
to consider in the helix correction. He is responsible for the difference between the analytical model of the literature and
that proposed in this paper.

It should be mentioned that the shape of the helix correction that must be provided to the grinding of the teeth should
be a linear equation (right) or a second degree (parabola). All the corrections proposed in thi
by a second degree equation. The correlations of the profiles with the equation of a parabg
although the effects governing the helix correction are not linear, the final result can be
guarantees its manufacturing capacity.

hesis can be approximated
ted in Table 2. Thus,
a parabola, which

ure fo analyzed model

model without helix correction
model with helix correction of literature
+ model with helix correction proposed in this paper

T T T T T T T T T T 1
50 100 150 200 250 300

gear width (in mm)
Figure 14 - Gap responsj iffé Figure 15 - Contact pressure along the width.

ation of the profiles studied with a parabola equation.

bn Model Correlation with second-order equation (R?)

ftware 1000

Literature 0.9990

Proposed 0.9988

3.2 Finite element model

Figure 15 contains a graph with the maximum values obtained with the finite elements for each section of the toothing.
It can be noticed that for the uncorrected model, the pressure distribution along the denture is not constant, being higher at
the beginning of the gear, decreasing along the same and increasing again at the end. This is in line with the helix
corrections found for gear 1, which state that relief should be given to the toothing at the ends, which relief must be greater
in the region of the gear teeth through which the torque is transmitted to the gear and less region.

With the helix correction proposed in the literature, it is possible to notice that there is a better distribution of load
along the tooth face as compared to the simulated model without any correction. However, at the ends of the toothing there
is still a stress concentration (lower than that of the uncorrected model). By analyzing the helix corrections proposed by the
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literature and by this paper (Figure 11) it is possible to visualize that the model proposed by this paper has slightly larger
corrections than the literature.

With the helix correction proposed in this paper, it is possible to visualize that the distribution of the load, although not
perfect, is better than the one found by the helix correction proposed in the literature.

3.3 Comparison between analytical model and FEM

The discrepancies between the results found with the analytical model (3.1) and with the finite elements (3.2) may
come from several factors. Despite all the care to maintain the same boundary conditions between analytical model and
finite element methods, the analytical model is two-dimensional while the finite element method is three-dimensional. In
this way, it is expected that there will be some differences between the results. For example, the analytical method
considers that the entire gears are requested (the entire cross-section of them is requested) wh in the finite elements
this is not the behavior displayed when analyzing the results obtained.

Another point of divergence between the models lies in the bearings. In the analyti ctual, whereas

correction calculation methods. The value of this concentrator is found i 'm contact pressure by the
mean pressure value in the section. The values found are shown in T

Table 3 - Values of stress concentrat itt element

Model to uncorrected

No correction

Correction literature 57 %
Correction of thi 60 %

Analyzing Table 3, it can be el formulated in this dissertation, when compared with the others
by means of the finite eleme cs the pressure distribution along the denture by 3%. Using the calculation
methodology discussed in, % in the load concentration on the gear teeth allows an approximate
reduction of 3% in the wi cars. This reduction, when applied to all gears of a gearbox, reduces its cost by 1%.
Note that this cost i d by changing the methodology of calculating helix correction, without the

The difficult:
knowledge of the ge
diameters of the gears a

owever, are great. The literature model [18] is linear and can be solved without any
and properties of the gears that are in contact. It is only necessary to know the gear ratio, the
torque transmitted between the axles.

With the proposed model it is necessary to have a deep knowledge of the gears in contact, and several gear parameters
are necessary in order to calculate the helix correction. However, the manufacturer of the gear reducer has these data,
therefore only more time is needed to calculate the correction.

4 Conclusion
In the course of this work, an analytical model was developed to calculate the helix correction in a cogged geared pair

of spurs. This model was compared with the literature model and the software.

By observing the Figures in section 3.1, it is possible to affirm that the analytical model presented in this paper has
results close to those of the current model of the literature and the software, with values of helix correction slightly larger,
especially at the ends of the gear.
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Analyzing Table 3, it is possible to visualize that the stress concentration in the denture is 3% smaller in the model
developed in this paper if compared with the literature model. This gain is responsible for a reduction in the cost of the
reducer by approximately of 1%.

In this way, it is possible to conclude that considering the effect of the involute profile of the gear in the calculation of
the helix correction improves the distribution of pressure in the contact, reducing the cost of the reducer and increasing the
competitiveness of the equipment in the market.
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