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Dynamics contact between two Deformable Elastic Bodies 
 
 

Slimane BENAYAD, Abdelmadjid BERGA, Nazihe TERFAYA 
Laboratory FIMAS University of Bechar 

 
 
Abstract – The flexibility method has been applied successfully to the contact problems modeling 
with friction between two deformable elastic bodies for the static cases. This article presents the 
extension of this method to dynamic problems. The main objective of the suggested work is to 
develop an algorithm based on the non-smooth contact dynamic method to study the phenomenon 
and dynamic friction contact between two deformable elastic bodies and the use of the flexibility 
method. For friction, Coulomb's law is considered. The results obtained are encouraging and will 
undoubtedly pave the way for other aspects and areas of research in this area. 
 
Keywords: Contact, friction, deformable bodies, finite element method, flexibility method, NSCD 
method 
 

 

1. Introduction 

The problems of contact and friction present several 
inherent difficulties in their non-linear, irregular and 
multi-scale, making their analytical solution often 
impossible. 

                                                         
    The impossibility to calculate analytically solutions to 
problems of contact, on the one hand, and development 
of methods and computational tools, on the other hand, 
nave to the approximate resolution of these problems. An 
abundant literature has been devoted to the numerical 
formulations, analyses, approximations and resolutions of 
the contact problems, since the beginning of the 
Seventies [1][2][3][4][5][6]. 

   
The main objective of our work is to develop an 

algorithm based on the non-smooth contact dynamics 
method to study the dynamics contact and friction 
phenomenon between two deformable bodies by using 
the flexibility method. For friction, Coulomb’s law is 
considered. We limit the present study at the contact 
plane problems with friction generated by elastic strain. 

2.  Unilateral contact condition 

Let us consider a contactor A of contour AΓ  which 

comes into contact with an obstacle B of contour BΓ . To 

study the kinematics of the contact of A, we should only 

consider a point P on the contour AΓ , at the vicinity of 

the obstacle B. The orthogonal projection of P on the 

surface BΓ  of the obstacle B defines a pointP′ , which 

will be the origin of the local frame related to the 

obstacle.  The normal coordinate nx  of the point P in the 

local frame is equal to pp′ . The unit vector{ }n , oriented 

towards the outside of the obstacle, is normal to the 

surface atP′ . The two unit vectors{ }1t  and{ }2t , 

orthogonal to{ }n , define a plan tangent to the surface of 

the obstacle at the point P′  (figure 1).  
 

 
Figure 1: local contact Frame 

 

The unilateral contact conditions are expressed in the 
local frame as follows:   

a) - Impenetrability:   

                                  0≥nx                                     (1) 

When this condition is checked, we have two possible 
cases:   

 
 

b) - Static State of contact (non-adhesion): 
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                      00 ≥⇒= nn rx                         (2) 

:nr  Normal component of the contact reactions  

c) - State of non-contact: 

                         00 =⇒> nn rx                        (3) 

This set of relations can be gathered in the form of the 
Signorini conditions:   

                   0≥nx , 0≥nr , 0=nnrx                 (4) 

Or in the equivalent form [7] [8] [9]:  

           0>∀ nρ  { } )( nnnRn xrprojr ρ−= +        (5)  

Where nρ is a certain strictly positive real number. 

3.  Coulomb’s friction law 

The most used friction law today is that of Coulomb.  
This law connects, by the intermediary of a coefficient of 
friction presumably constant, the normal and tangential 
components of the forces of contact.  In the case of 
isotropic contact and friction, it is written as follows:  

                              nt rr µ≤                                 (6) 

:µ   Friction coefficient;   

tr and :nr   Tangential and normal component of the 

contact reactions;   

If the sliding velocity is different from zero, the force 
of friction is opposed to the sliding velocity: 

                   
t

t
ntt v

v
rrv µ−=⇒> 0                (7)  

tv : Tangential component of relative (sliding) 

velocity;   

In numerical calculation, one often uses the equivalent 
form [7][8][9]: 

                0>∀ tρ { } )( tttct urprojr ρ−=         (8)  

Where c represents interval nn rr µµ ,− in the two-

dimensional case; or the radius disc nrD µ= in the 

three-dimensional case.   

If  ⇒< nt rr µ  (adherence)  

If  ⇒= nt rr µ  (sliding) 

4.  Modelisation 

4.1. Dynamic resolution 

The kinematics character of the contact phenomenon 
often implies the use of a dynamic model in the digital 
simulation; some problems of contact are even very 
difficult to solve into quasi-static.  For example, in the 
case of a released deformable solid of the boundary 
geometrical conditions in contact with a rigid foundation, 
one obtains a singular system of equations. The solution 
consists of solving the problem in dynamics, because the 
inertia terms even though not very significant compared 
to the stiffness terms also make it possible to stabilize the 
badly conditioned equilibrium equations.  In addition, the 
integration of the dynamics equations in the presence of 
contact and friction requires adapted additional 
algorithms [10]. 

 
 In the case of linear elasticity and under the 

assumption of the small deformations, the equilibrium 
equations which control the dynamic response of the 
system are written:   

              [ ]{ } [ ]{ } [ ]{ } { }FUKUCUM =++ &&&         (9) 

[ ]M : The mass matrix.   

[ ]C : The damping matrix.   

[ ]K : The stiffness matrix.   

{ }U ,{ }U& ,{ }U&& : Are respectively, the vectors of  

   displacement, the velocities and  accelerations.   

{ }F : The external vector of load acting.  

4.1.1. The non-smooth contact dynamic method 

Method (NSCD) initiated and developed by J. J. 
Moreau [11] and M. Jean [12], is dedicated to the 
resolution of the problem relating to the dynamic systems 
in the presence of unilateral strains. The integration 
dynamics discretized is carried out in two steps. First, the 
classical differential connection (9) is rewritten in terms 
of differential measurements in a weak form. Then, one 

integrates by means of a θ -method the continuous terms 
(displacement, forces applied). 

   
The dynamics equations are rewritten in the sense of 

measurement in the form [11]:  

    [ ]{ } [ ]{ } [ ]{ } { } { }cRFUKUCUM +=++ &&&    (10)  

    M. Jean proposed the following approximations basing 

himself on a traditional θ -method (for ] ]1,0∈θ ) and by 

direct integration of the equation (10) on the interval 

[ ]ttt ∆+,  [13][14]:   
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    ctt RFKUUM
t

UK ++−
∆

=∆ &

θ
1

          (11) 

                     UUU ttt ∆+=∆+                         (12) 

with 

                  K
t

C

t

M
K θ

θ
+

∆
+

∆
=

2
                   (13) 

                  ttt FFF )1( θθ −+= ∆+                    (14) 

Velocity will be calculated at the end of the time step 
by the expression:   

           U
t

UU ttt ∆
∆

+






 −=∆+ θθ
11

1 &&               (15) 

This method is unconditionally stable for values of 
5.0≥θ . 

 

4.2. Resolution of the contact problem 

 
The majority of the problems of contact require the 

introduction of the impenetrability condition, which is a 
unilateral condition on the borders of the solids in contact 
that leads to variational inequations [9]. 

   
The various methods of resolution of a contact and 

friction problem are characterized primarily by the 
treatment of the contact reactions in the equilibrium 
equations. 

   
For the direct methods, the contact conditions are not 

introduced explicitly into the variational formulation of 
the problem. Compared to the rigidity methods, the 
contact reactions are calculated a priori, and then added 
in the discretized equations of balance, as known 
additional external forces. 

   
Among these methods, the flexibility method was 

retained for the development of our contact system. This 
method was developed by Francavilla and Zienkiewicz 
[15] for an elastic contact problem without  friction, and 
by Sachdeva and Ramakrishnan [16] for the contact with 
friction. It was later modified and  improved by other 
authors namely M.Jean [8] Feng, Touzot and De Saxce 
[9][17], N.R. Terfaya, A. Berga [18],  D. Douli [19], and 
S. Benayad [1]. 

  
The method principle is to calculate a matrix of 

flexibility, which relates only to the candidate nodes with 
the contact starting from the matrix stiffness.  This matrix 
expresses displacements of the nodes of the grid, due to 
unit forces applied to the points of contact.  In practice, it 
constitutes part of the reverse of the structure stiffness 
matrix, reduced to the contact nodes, transformed in the 
local frames. Then the reactions of contact are calculated 

repeatedly, by checking the contact conditions and the 
friction law. 

   
The system (11) transferred in the local reference 

mark ),,( 21 tnt
rrr

 gives the solution:   

                       clib WRUU +=                           (16)  

Where the term libU  represents displacements of the 

particles of the system with taking into account of the 
contact, transformed in the reference mark buildings:   

          )
1

( ext
tt

lib FKUUM
t

WU +−
∆

= &

θ
      (17)  

With:  1−= KW  

By projection on the nodes of contact, equation (16) is 
written:   

                      c
T

c rWHHu .=                             (18)  

cu : Displacements of the nodes candidates to the contact   

H : The passage matrix of the total frame to the local one.  
W : The flexibility matrix.  

In then seeks to calculate ( cc ru , ) while checking the 

conditions of unilateral contact and the law of friction. 

5.  Example of application 

     One considers two deformable bodies of the same 
elasticity module E= 1GPa, of the same Poisson's 
coefficient =ν 0,3  and the same density 01,0=ρ  

kg/cm3. Body 1 is supposed to have an initial velocity 

yv =15 cm/s. Simulation lasts four 0,04s for a step of 

time equal to 8.E-04. Dimensions and the boundary 
conditions are shown on (Figure 2). On the surface of 
contact we choose five nodes likely to come into contact 
with the deformable foundation A, B, C, D, E and an 
initial variation h= 1mm. The coefficient of friction µ = 

1,0[20].  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure2:   Contact between a deformable body and foundation 
(punching). 

20 mm 

 A     B     C      D     E 

  1    2      3       4       5       6 

 Body1 

 Body 2 

20 mm 

20 mm 
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Initially, and to test the developed algorithm, one 
regards the body 2 as being a rigid foundation.  That is 
possible either by the increase in the elasticity module E   
or by fixing of the nodes of that upper surface. 

 
 

Figure 3:   Normal displacements of the contact nodes. 

 

 

Figure 4:   Tangential displacements of the contact nodes. 

 

 
Figures 3 and 4 show that the nodes A, B, C, D, E 

come at the same time into contact  at the moment 
t=7.103s and adheres with the obstacle that is translated 
by a  tangential constant displacement equal to zero.  No 
penetration is noticed.  This proves the validity of the 
code for the rigid -deformable contact case. 

In the second case, one considers two bodies regarded 
as deformable. On the figures below, one shows normal 
and tangential displacements for the contact nodes and 
the obstacle nodes. 

 

 
 

Figure 5:   Normal displacements of the contact intermediate node A 
and obstacle nodes 1, 2. 

        Figure 6: Normal displacements of contact node C and obstacle 
nodes 3, 4 
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   Figure 7: Tangential displacements of the contact nodes 

 

Figure 8:   Normal velocity of the central node 

 

The contact is established at the moment t=7.103 or 
one notices an abrupt change in the normal velocity 
(figure 8), and two states of contact can be noticed 
according to figure 7. Nodes A, B, D and E slide on the 
obstacle.  While node C adhered with the obstacle where 
there is a constant tangential displacement equalize to 
zero. For the obstacle, and since the nodes A and B come 
into contact with  the two segments characterized by the 
nodes (1, 2) and (2, 3),  node 2 undergoes the greatest 
reactions and thus a larger normal  displacement 
compared to that of node 1 (figure 5).  

 
On the other hand and by symmetry, nodes 3 and 4 

undergo the same the reactions, and therefore equal 
normal displacements (figure 6).  

 
One must note here that the algorithm convergence 

was obtained by five iterations for local calculation only 
(calculation of the reactions). 

 

6.  Conclusion 

 

We have presented, in this article, a treatment of the 
dynamic problems of contact and friction between two 
elastic deformable bodies.   

 
One develops an algorithm based on the flexibility 

method.  The friction law that we have considered, is the 
Coulomb law with a constant coefficient. But the open 
architecture of the developed code allows the taking into 
account of other laws of friction.  The example has made 
it possible to show the limits of a master / slave 
traditional formulation.  

 
The dynamic problem of unilateral contact with 

Coulomb friction of in linear elasticity is formulated so as 
to take into account possible velocity discontinuities at 
the time of the interaction. 

   
We have tried to present the NSCD method for the 

dynamic case, and we have also developed a symmetrical 
approach in which any contact node will be considered as 
a candidate node to the contact with an obstacle.  Such an 
approach simplifies the introduction of the data.  It also 
makes it possible to satisfy with more precision the 
conditions of impenetrability between the two bodies in 
interaction.   

 
In addition to the effectiveness on the level of the 

stability computing time, the algorithm shows how totally 
complex problems can be solved economically. 
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