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Abstract. In the present study a numerical solution is proposed in order to quantify the impact of internal 

erosion on dike stability. The mathematical model, consisting of erosion equations, mixture flow equations and 

stress equilibrium equations, is solved numerically by the finite element method using COMSOL 

MULTIPHYSICS software. The shear strength reduction technique is used to analyze the stability of a dike 

taking into account the effect of internal erosion. The variation in time and space of porosity, as internal erosion 

progresses, is chosen as a coupling parameter. We have considered that elasticity and soil resistance (cohesion) 

depend on porosity so that the material becomes weaker as porosity increases. The results show that the porosity 

increases significantly at the dike toe, which was explained by an erosion of this zone. Erosion at the dike toe 

induces alterations in the mechanical behavior of the medium. Since cohesion decreases with increasing 

porosity, the factor of safety of the downstream slope undergoes a significant modification. This study may help 

to better understand the phenomenon of internal erosion in dikes and to better prevent the stability of a hydraulic 

structure. 
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1. Introduction  

According to [1]–[3], 46% of the disorders observed on earthworks originate from internal 

erosion. Therefore, it is crucial to gain a fundamental understanding of the triggering 

mechanism and the process of internal erosion. In the literature, four types of processes are 

distinguished, namely: concentrated leak erosion, backward erosion, contact erosion or 

suffusion. To study the process of internal erosion of soils, various experimental studies have 

been proposed in the literature that rely mainly on the application of an infiltration flow 

through the soil sample, under a controlled hydraulic gradient and on the measurement of the 

amount of loose particles [4]–[8]. Numerical models of internal erosion are based on the 

theory of porous media, where the internal erosion of the soil skeleton and the transport of 

fine particles in the interstitial water are modeled by a mass exchange between the soil 

skeleton and interstitial water [9]–[12]. 

As far as the global instability is concerned, the slope stability analysis has been reported by 

several researchers, where it has been presented the different methods namely: the limit 

equilibrium method [13], the finite element method [14] and the boundary element method 

[15]. In the methods mentioned above, the stability of the slope is evaluated by the calculation 

of the safety factor (FOS) defined as the ratio of the resistance force to the driving force on 

the potential sliding surface; when the safety factor is greater than unity, the slope is 

considered stable. 
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The problem of slope stability is further complicated by the presence of infiltration, erosion 

and headcutting caused by surface water. Infiltration, in particular, is often poorly represented 

in numerical models. Therefore, its erosive power is completely neglected. It is therefore 

crucial to establish an accurate prediction of the soil slope stability model under infiltration 

conditions. 

In this paper we are interested in suffusion when the transport is diffused through the solid 

matrix and only concerns suspended fines. This phenomenon is widely detected in both 

natural deposits and charged structures. This is the process by which fine particles in the soil 

gradually migrate through the voids between coarse particles, leaving behind the skeleton of 

the soil. This study highlighted the effect of internal erosion on the change in soil resistance 

and its effect on the global stability of a soil structure. We try to do this bay relating the 

overall stability of the system to an internal parameter which is porosity. 

First, we present the mathematical model of the erosion kinetics, based on considerations of 

mass balance and particle transport. The differential equations used to model mass transfer in 

porous media are those proposed by [16]. Next, we expose the Darcy flow equations with 

permeability that depends on porosity. The process of fluid flow and erosion coupled with 

mechanical damage is solved numerically by the finite element method using the COMSOL 

Multiphysics numerical modeling tool. An analysis of the stability of a dike by the shear 

strength reduction method is discussed in the second part of the study in order to show the 

effect of internal erosion (suffusion) on the stability of a slope. 

2. Mathematical model of internal erosion 

2.1. Definition 
The saturated porous media is modeled as a three-phase system consisting of skeletal solids 

(�), fluidized solids (��) and fluid (�) as shown in (Fig. 1). Fluidized particles are suspended 

particles that move with the fluid. All other free particles that are trapped within the void 

space are considered part of the solid phase. In addition, it is assumed that fluid and fluidized 

particles share the same speed at all times. The solid is supposed to be rigid. In other words, a 

solid particle has zero velocity and is assigned to the solid phase or fluid velocity and is 

assigned to the mixture that fills the void space. The volume fraction of the voids is expressed 

by the overall porosity. 

 

 

 

 

 

 

 

 

 

 
 

Figure 1: Phase diagram of  porous medium saturated with fluid and fluidized particles 



Bouziane A. et al., Journal of Advanced Research in Science and Technology, 2019, 6(1), 897-907. 

899 

 

©
 2

0
1

9
 J

A
R

S
T

. 
A

ll
 r

ig
h

ts
re

se
rv

e
d

 

2.2. Mass balance equations 
According to (Vardoulakis et al. 1996) [16], the equilibrium equation of fluidized solid 

particles (Eq.1) is expressed by 

 
�(��)

��
= 
∇� +

��

��
 (1) 

With 

  � : The concentration of the fluidized solid. 

             � : Porosity 

  
 : The volumetric discharge rate; with 
 = � ∗ �. 

Where � is the DARCY’s velocity. 

The evolution law of the porosity is given by  

 
��

��
= �(1 − �)�
 (2) 

With 

� : Coefficient probably related to the spatial frequency of the trigger points of the erosion 

potential in the solid skeletal of the porous medium. Its dimension is the inverse of length, 

��� = ���. 

2.3. Constitutive laws of mass generation 
Extensive experimental and theoretical studies on the filtration of non-colloidal solid particles 

in porous media were conducted in the late 60’s by H. A. Einstein of the University of 

California at Berkeley. This work, summarized in the articles by [18] and [19], resulted in a 

constitutive equation that governs the kinetics of filtration. These ideas are adopted here in the 

form of a simple constitutive law for the eroded mass ratio given by 

 �� = ���
1 − �

�
�‖
� ‖ (3) 

2.4. DARCY’s flow in a porous medium 
Fluid flow in this problem can be described using Darcy's law 

 
���!

��
+ ∇. �!# = 0 (4) 

 # = −
�

%
(∇& + �!'∇() (5) 

Here, �! is the water density (�'/�*), � is the time (�), � is the porosity and # is the Darcy’s 

velocity. Darcy's speed depends on the permeability � (�+), the dynamic viscosity of the 

fluid % (,-. �), fluid pressure & (,-) and the gravity acceleration ' (�/�+). Elevation 

gradient ( (�) indicates the direction of the vertical coordinate, .. 
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Changes in porosity affect significantly the permeability of the medium. We remember that 

the physical permeability � of a porous medium depends on the porosity. For example, 

according to the Carman-Kozeny equation (Eq.4). On the other hand, permeability enters the 

problem of fluid flow through Darcy's law. 

 � = �/

�*

(1 − �)+
 (6) 

We remember that Darcy's law derives from (a) the equilibrium of motion for the fluid phase 

and (b) from a constitutive equation of the fluid-solid interaction force (that is, the force of 

infiltration). 

Thus, in a process where the porosity varies locally over time due to erosion, the fluid flow in 

the pore space becomes a nonlinear phenomenon controlled by particle erosion. The viscosity 

of the fluid % is formally a function of the density of the fluid-particle mixture given by [16], 

[20] 

 �̅ = (1 − �)�! + ��� (7) 

With  

  �̅ : the apparent density of the soil 

 �! : the fluid density 

 �� : grains density 

However, the analysis of the sand production problem shows that the changes in the 

concentration � of the fluidized particles are small and that, consequently, the density 

 �̅ remains essentially constant during the erosion process [16]. Thus, a constant viscosity of 

the fluid has been adopted to model the sand production process. [21]. This restriction can, 

however, be relaxed in problems where changes in concentration become important. 

3. Slope stability analysis 

The erosion phenomena in turn cause degradation of the granular medium by increasing the 

porosity and decreasing the cohesion between the grains. The degradation of the medium is 

described by a simple law of damage according to which the decrease of the cohesion 1̅ is 

quantitatively proportional to the porosity [21]. 

1̅ = 1̿
1 − �

1 − �/
 (8)

according to [21], we introduce the running Young modulus defined by  

3 = 3�
1 − �

1 − �/
 (9) 

4. Application on a dike 
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In this part, a dike whose geometry is shown in Figure 1 is considered as an example of 

application. The soil constituting the dike is considered homogeneous. 

4.1. Geometry of the dike 

 

 

 

 

 

Figure 2: Geometry of the dike 

With  

41 = 43 = 24 �, 42 = 5 �, ( = 12 �, (: = 10 �, (� = 4 �. 

4.2. Erosion model parameters 
The calculation results for the erosion and dike stability problem will be presented for all the 

parameters presented in Table 1. With these data, the process starts at the moment � = 0 of a 

Darcy flow. 

Table 1: Input parameters of the calculation example 

Parameter Value 

Initial porosity � = 0.4 

Initial concentration �/ = 0 

Initial permeability �0 = 1.0228 × 10�== �+ 

Dynamic viscosity % = 0.001002 ,-. � 

Water density �! = 1000 �'/�* 

Grains density �� = 2700 �'/�* 

Young modulus 3 = 10?�@/�² 

Cohesion 1 = 25 �,- 

Internal friction angle 

Upstream pressure head 

B = 30° 

( = 10 � 

4.3. Domain mesh 

The extremely fine mesh is free triangles type with an automatic method. This type of mesh 

has been applied after preliminary numerical tests of the accuracy of the calculation. The final 

mesh consists of 3250 triangular elements. Figure 2 shows the mesh chosen for the entire 

domain. 
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Figure 3: The extremely fine mesh of the model 

5. Results and discussions 

In this section, we present the results of suffusion modeling in earthworks conducted by the 

COMSOL Multiphysics software. The soil is treated as an elasto-plastic Mohr-Coulomb solid 

infiltrated with fluid governed by Darcy's law. The modeling was performed considering the 

parameters presented in Table 1. 

FIG. 9a shows the temporal variation of permeability at the dike toe. It can be seen that the 

permeability increase significantly. Takahashi [22] argued that the type of failure essentially 

depends on dam permeability and material strength. In the case of very high permeability, 

failure is due to headcutting migrating upstream after toe erosion of the downstream face as 

can be seen in (Fig. 7a) which shows a loss of the cohesion of the material. This latter 

mechanism is also observed by both laboratory experiments [23]–[26] and field observations 

[25], [27]–[29]. The surface flow that occurs on the dike downstream face, beneath the 

phreatic surface exit, is responsible for the removal of surficial layer grains and formation and 

migration of the headcutting erosion channel [30]. 

In FIG. 4, using Darcy's law mode in Comsol, we present flow velocity mapping (#) with the 

velocity field through the medium for (t = 1000 d). the speed range of the flow indicated in 

FIG. 1.b is widely variable between 0 and 10 * 104 m/s at the end of calculation. 

The porosity evolution (�), the Young's modulus (3), the cohesion (1) and the concentration 

(�) at the various points of the medium, are respectively shown in FIGS. 5, 6, 7 and 8. 

In FIG. 5, the point (11) near the upstream, the point (4) near the downstream are in areas 

where the porosity has undergone a significant increase. This increase can be expressed by a 

significant erosion of these areas which leads to the loss of cohesion of the material as shown 

in FIG. 7. 

In Fig.5b, the point (11) near the upstream, the point (4) near the downstream are in areas 

where the porosity has undergone a significant increase. This increase can be expressed by a 

significant erosion of these areas which leads to the loss of cohesion of the material as shown 

in Fig.7b. 
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The erosion of the dike toe explained by the high increase in porosity at this location (water 

infiltration zone) as shown in Fig.5b is in good agreement with the experience of 

[32][20][33]. 

 

  
 

(a) 
(b) 

Figure 4: (a) Pressure head mapping, (b) Darcy's velocity fields 

 

 

 
 

 

(a) 

(b) 

Figure 5: (a) The spatial distribution of the porosity at time t = 1000 d, (b) Temporal variation of porosity at 

different locations on the dike 

 

 

 
 

 

(a) 

(b) 

Figure 6: (a) The spatial distribution of Young modulus at time t = 1000 d (b) Temporal variation of the Young 

0.4

0.5

0.6

0.7

0.8

0.9

1

0 200 400 600 800 1000

P
o

ro
si

ty

Time (day)

2

4

6

11

0

20

40

60

80

100

120

0 200 400 600 800 1000

Y
o

u
n

g
 m

o
d

u
lu

s 
(M

p
a)

Time (day)

2

4

6

11



Bouziane A. et al., Journal of Advanced Research in Science and Technology, 2019, 6(1), 897-907. 

904 

 

©
 2

0
1

9
 J

A
R

S
T

. 
A

ll
 r

ig
h

ts
re

se
rv

e
d

 

modulus at different locations on the dike 

 

 

(a) 

(b) 

Figure 7: (a) The spatial distribution of cohesion at time t = 1000 d, (b) Temporal variation of cohesion at 

different locations in the dike 

 

 

 

 

(a) 

(b) 

Figure 8: (a) The spatial distribution of concentration at time t = 1000 d, (b) Temporal variation of 

concentration at different locations in the dike 

 

 

 

(a) (b) 

Figure 9: Temporal variation of permeability at upstream and downstream, (b) Temporal variation of porosity at 

upstream and downstream 
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6. Slope stability 

As far as the global instability is concerned, the soil resistance parameters are taken in the 

area where the sliding surface is potential (FIG. 1: point 6) and at time intervals of 250 days. 

The parameters considered in this section are summarized in Table 2. For each measuring 

point the stability analysis is carried out and the safety factor and the maximum displacement 

are determined. FIG. 10a shows the potential sliding surface at the final phase of erosion. 

FIG. 10b shows the temporal variation of the safety factor due to erosion. These results 

highlight the effect of erosion on the stability of an earth structure where stability is reduced 

by about 16%. 

(a) (b) 

Figure 10: (a) Sliding surface at the final phase of erosion, (b) Variation of the safety factor due to internal 

erosion 

 

Table 2: Variation of parameters over time due to internal erosion (point 6) 

DE�F (G-.) 1 (�,-) 3 (H,-) IJK LMNO(��) 

0 25 100 1.9 1.80 
250 24.5 98 1.88 2.00 
500 22 88 1.79 2.22 
750 20 79.8 1.7 2.33 

1000 18 75 1.6 2.50 

 

7. Conclusion 

This article presents a study of the influence of internal erosion (suffusion) in a dike on its 

mechanical behavior. The variation in time and space of porosity, as internal erosion 

progresses, is chosen as a coupling parameter. We have considered that elasticity and soil 

resistance (cohesion) depend on porosity so that the material becomes weaker as porosity 

increases. The mathematical model, composed of erosion equations, mixture flow equations 

and stress equilibrium equations is solved numerically by the finite element method. The 

analysis of the obtained results made it possible to draw the following conclusions: 

 The erosion of the dike toe explained by the high increase in porosity at this location 

(water infiltration zone) is in good agreement with the experience of [32] [20] [33]. 

1.9 1.88

1.79

1.7

1.6

1.55

1.6

1.65

1.7

1.75

1.8

1.85

1.9

1.95

0 250 500 750 1000 1250

F
ac

to
r 

o
f 

S
af

et
y

Time (day)



Bouziane A. et al., Journal of Advanced Research in Science and Technology, 2019, 6(1), 897-907. 

906 

 

©
 2

0
1

9
 J

A
R

S
T

. 
A

ll
 r

ig
h

ts
re

se
rv

e
d

 

 Erosion near the free surface is accompanied by a significant increase in permeability.  

 In addition, the increase in porosity results in a reduction of the cohesion between the 

grains and a reduction of the rupture envelope.  

 Erosion at the dike toe induces alterations in the mechanical behavior of the 

environment. Since cohesion decreases with increasing porosity, the moment dike 

begins to break may be identified. 

 We found that erosion causes a significant change in slope stability and should be 

included in the modeling of this problem. 

 Erosion at the toe of the downstream slope of the dike is captured by comparing initial 

and final cohesion. The total loss of cohesion leads to the loss of shear strength. 

The results of the study indicate that experimental research would be needed to determine the 

erosion parameter (lambda), validate the model and to better understand the different aspects 

of the problem, especially those related to changes in mechanical properties of soil subjected 

to erosion. In addition to variations in stiffness and shear strength, the influence of fines 

content on soil expansion and post erosion behavior could also be investigated. 
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